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The Bloch band theory and Brillouin zone (BZ) that characterize wave-like behaviors in periodic mediums
are two cornerstones of contemporary physics, ranging from condensed matter to topological physics.
Recent theoretical breakthrough revealed that, under the projective symmetry algebra enforced by arti-
ficial gauge fields, the usual two-dimensional (2D) BZ (orientable Brillouin two-torus) can be fundamen-
tally modified to a non-orientable Brillouin Klein bottle with radically distinct manifold topology.
However, the physical consequence of artificial gauge fields on the more general three-dimensional
(3D) BZ (orientable Brillouin three-torus) was so far missing. Here, we theoretically discovered and
experimentally observed that the fundamental domain and topology of the usual 3D BZ can be reduced
to a non-orientable Brillouin Klein space or an orientable Brillouin half-turn space in a 3D acoustic crystal
with artificial gauge fields. We experimentally identify peculiar 3D momentum-space non-symmorphic
screw rotation and glide reflection symmetries in the measured band structures. Moreover, we experi-
mentally demonstrate a novel stacked weak Klein bottle insulator featuring a nonzero Z2 topological
invariant and self-collimated topological surface states at two opposite surfaces related by a nonlocal
twist, radically distinct from all previous 3D topological insulators. Our discovery not only fundamentally
modifies the fundamental domain and topology of 3D BZ, but also opens the door towards a wealth of
previously overlooked momentum-space multidimensional manifold topologies and novel gauge-
symmetry-enriched topological physics and robust acoustic wave manipulations beyond the existing
paradigms.
� 2024 Science China Press. Published by Elsevier B.V. and Science China Press. All rights are reserved,

including those for text and data mining, AI training, and similar technologies.
1. Introduction physics [3,4] and artificial crystals such as metamaterials [5,6],
Since their introduction in 1929, the Bloch band theory [1] and
Brillouin zone (BZ) [2] that characterize wave-like behaviors in
periodic mediums have played a central role in condensed matter
photonic crystals [7–15], acoustic crystals [16–30], electric circuits
[31,32], mechanical networks [33–35], and cold-atom lattices [36].
Particularly, they are essential in the discovery and classification of
topological phases of matter whose band topologies and topologi-
cal invariants are usually defined on a two-dimensional (2D) BZ
(Brillouin two-torus) [10–13,18–25] or a three-dimensional (3D)
BZ (Brillouin three-torus) [14,15,26–28]. For example, the cele-
brated topological invariant characterizing the Chern insulators
(Chern number) is defined by integrating the Berry curvatures over
ing, and
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the Brillouin two-torus surface [12,15,35,36]. Consequently, the
multidimensional manifold topology of the BZ itself is crucial for
the exploration of topological physics. So far, the topological
phases of matter are mainly classified and characterized over the
orientable Brillouin two (three)-torus.

Meanwhile, gauge symmetry that projectively represents the
algebraic structure of crystalline symmetries has fundamentally
modified topological physics and greatly enriched the topological
phases of matter [37–47], such as Möbius-twisted topological
phases with projective translation symmetry [38–40], spinless
mirror Chern insulators with projective mirror symmetry [41,42],
topological phases switching [43,44] and high-order Stiefel-
Whitney semimetals [46,47] with projective spacetime inversion
(PT) symmetry. Although the symmetries of those systems were
projectively represented beyond the group theory for crystal sym-
metries, the fundamental domain and topology of BZ (orientable
Brillouin two-torus or three-torus) based on which to define the
topological invariants and classify the topological states remain
unchanged. Remarkably, recent theoretical work [48] unveiled that
the fundamental domain and topology of 2D momentum space can
be modified by artificial gauge fields from a usual orientable Bril-
louin two-torus to a non-orientable Brillouin Klein bottle, resulting
in novel 2D Klein bottle insulators. A space manifold is non-
orientable if it contains a close path that brings a traveler back to
his starting point mirror-reversed (such as Klein bottle, Möbius
strip), otherwise, it is orientable (such as spheres, torus). Since
the manifold topology of the BZ itself is crucial for exploring topo-
logical physics, it is natural to ask what is the physical consequence
of artificial gauge fields on the more general 3D BZ. Will it generate
any newmomentum-space three-manifold topology that has never
been witnessed in conventional 3D periodic physical systems?

Here, we theoretically discovered and experimentally observed
that the fundamental domain and topology of the 3D BZ can be
reduced from an orientable Brillouin three-torus to a non-
orientable Brillouin Klein space or an orientable half-turn space
[49] in a 3D acoustic crystal with artificial gauge fields. Moreover,
we directly observe non-symmorphic screw rotation and glide
reflection symmetries in 3D momentum space, giving rise to a
novel stacked weak Klein bottle insulator with a non-zero Z2 topo-
logical invariant and two self-collimated topological surface states
related by a nonlocal twist. Interestingly, we experimentally
demonstrate that the previously discovered Brillouin Klein bottle
[48] can be observed in Brillouin Klein space or half-turn space
in 3D momentum space when appropriately cut.
2. Methods

2.1. Simulations

All numerical simulations of the 3D acoustic crystal are per-
formed using the acoustic module of COMSOL Multiphysics. The
background medium (air) is modeled with a density of 1.18 kg m�3

and a sound speed of 346 m s�1. The plastic stereolithography can
be considered as hard boundaries due to substantial acoustic impe-
dance contrast compared with air. Bulk band structures are calcu-
lated by using a unit cell with periodic boundary conditions along
all three directions. Surface state dispersions are calculated by
using a supercell that consists of 15 unit cells with periodic bound-
ary conditions along the y and z directions and hard boundary con-
ditions along the x direction.
2.2. Experimental measurements

The experimental sample was fabricated by 3D printing with
photopolymer materials which consists of 15 � 15 � 15 unit cells.
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The materials are photosensitive resin with a modulus of 2880 MPa
and a density of 1.10 g cm�1. The structure can be viewed as hard
walls for the acoustic waves that propagate in the acoustic crystal
due to the large impedance mismatch between air and the resin
material. A small hole with radius of 2 mm is located at the center
of each resonator for excitation and detection. When not in use,
they are blocked by plugs. In the experiment, the acoustic signal
is launched from a headphone placed at the bulk (surface) of the
sample to excite the acoustic bulk (surface) modes. A microphone
attached to the tip of a stainless-steel rod is inserted into each res-
onator to measure the acoustic signals one by one. Both the source
and probe are connected to a vector network analyzer (Keysight
E5061B) for the generation and recording of the sound signals. Spa-
tial Fourier transforms are applied to the measured complex acous-
tic field distributions to obtain the measured iso-frequency
contours and dispersion relations.
3. Results and discussion

3.1. Momentum-space screw rotation and glide reflection symmetries

We first construct a cubic lattice model with a unit cell consist-
ing of four sites (beige spheres) coupled with positive (dark green
cylinders) and negative (red cylinders) intralayer couplings, and
the neighboring layers are coupled with positive interlayer chiral
couplings (slanted dark green cylinders), as shown in Fig. 1a. The
insets present the lattice model’s top view (x-y plane) with each
plaquette enclosing a p gauge flux and the front view (x-z plane)
with chiral interlayer couplings. Under the spatial mirror symme-
try Mx (Mz) in the x (z) direction (dashed lines refer to the mirror
planes), the distribution of gauge flux is invariant but the intralayer
coupling sign and the interlayer coupling configuration are
exchanged. Therefore, the projective representation of spatial two-
fold rotation symmetries composed of two mirror symmetries Mx

and Mz is accompanied by a gauge transformation G, and the rota-
tion symmetry is modified to Ry = GRy. While under the translation
symmetry Ly (Lz) with period a (h) along the y (z) direction, both
the gauge flux and the coupling sign remain unchanged. Conse-
quently, the translation symmetry in the y (z) direction is repre-
sented as Ly = Ly (Lz = Lz) without accompanying G. Note that the
gauge sign of each site will be exchanged when the gauge transfor-
mation G is translated a (h) in the y (z) direction (the bottom panel
of Fig. 1a), respectively. The algebraic relation will be projectively
represented as

RyLyR
�1
y ¼ �Ly; RyLzR

�1
y ¼ �L�1

z ; ð1Þ

where Ry can be regarded as a momentum-space screw rotation
along the ky direction followed by a translation (Gy + Gz)/2. Conse-
quently, the eigenenergy at (kx, ky, kz) is equivalent to that at
(�kx, ky + p, �kz + p) for the model (see Supplementary materials
for detailed explanations), indicating that only half of the 3D BZ par-
titioned by a fixed ky (green plane) is independent which can be
regarded as the fundamental domain of the 3D momentum space,
as shown in Fig. 1b. The feature of 3D momentum-space non-
symmorphic screw rotation symmetry can be clearly observed in
the constant energy surfaces and energy contours of the model. In
Fig. 1d, the constant energy surfaces in the back half 3D BZ (pink
sheets) can be achieved by rotating that in the front half 3D BZ (pur-
ple sheets) at 180� around the ky axis (red line). Fig. 1e, f show the
constant energy contours at fixed ky = �0.5p and ky = �0.5p + p,
respectively. The pink (purple) dashed lines in Fig. 1e (Fig. 1f) can
be obtained by rotating the purple (pink) solid lines 180� around
the ky axis, which are exactly the pink (purple) solid lines in
Fig. 1f (Fig. 1e). Note that this result holds for any ky and ky + p
(see the Supplementary materials). Hence, by ‘‘gluing” the front



Fig. 1. Brillouin half-turn space and Klein space for a cubic lattice model. (a) The tight-binding configuration is invariant under the spatial mirror operations Mx and Mz in
the x and z directions and the gauge transformation G. (b) Brillouin half-turn space with 3D momentum-space screw rotation symmetry. (c) Brillouin Klein space with 3D
momentum-space glide reflection symmetry. The direction and the light and dark color of the arrows indicate how the opposite faces of the half 3D BZ will be ‘‘glued”
together. The momentum-space screw rotation and glide reflection symmetries of the constant energy surfaces of the cubic lattice model are shown in (d) and (g),
respectively. (e, f) The constant energy contours with fixed ky = �0.5p and ky = �0.5p + p, respectively. (h, i) The constant energy contours with fixed kz = �0.5p and
kz = �0.5p + p, respectively.
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(ky) and back faces (ky + p) of the half 3D BZ with a 180� rotation
around the ky axis and the other two pairs of opposite faces in the
usual way, the half 3D BZ here is topologically an orientable half-
turn space.
2052
Note that the eigenenergy at (kx, ky, kz) is equivalent to that at
(kx, p � ky, kz + p) due to the time-reversal symmetry of the whole
system (see the Supplementary materials). This indicates that the
3D BZ can also be partitioned into two parts by a fixed kz (green
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plane) and only half of the 3D BZ is independent as the fundamen-
tal domain of the 3D momentum space, as shown in Fig. 1c. 3D
momentum-space non-symmorphic glide reflection symmetry
can be observed in the constant energy surfaces and energy con-
tours of the model. As shown in Fig. 1g, by mirroring the constant
energy surfaces in the lower half 3D BZ (purple sheets) around
ky = 0.5p (red plane), we can achieve the constant energy surfaces
in the upper half 3D BZ (pink sheets). The constant energy contours
at fixed kz = �0.5p and kz = �0.5p + p are plotted in Fig. 1h and i,
respectively. The pink (purple) dashed lines in Fig. 1h (Fig. 1i) can
be obtained by reflecting the purple (pink) solid lines through
ky = 0.5p (horizontal grey dashed line), which are exactly the pink
(purple) solid lines in Fig. 1i (Fig. 1h). Thus, by ‘‘gluing” the bottom
(kz plane) and top (kz + p plane) faces of the half 3D BZ with ky axis
flip and the other two pairs of opposite faces with the usual way,
the half 3D BZ here is topologically a non-orientable Klein space
(see Supplementary materials). It is worth noting that the glide
reflection here is an anti-unitary symmetry, which is different from
the case in Ref. [48]. Counterintuitively, we realize both orientable
Brillouin half-turn space and non-orientable Klein space in the
same model by partitioning the original 3D BZ into two parts along
different (ky or kz) directions.

Notably, by appropriately cutting the Brillouin half-turn space
(Fig. 2a, b) or Klein space (Fig. 2c, d), the obtained fundamental
domain of the cut 2D BZ (cyan planes) can be ‘‘glued” together with
the topology of a non-orientable Klein bottle. In Fig. 2e, f (Fig. 2g,
h), the reflection of the constant energy contours in the lower half
cut 2D BZ through the ky (kz) axis (vertical grey dashed lines) fol-
lowed by a half translation LGy=2 (LGz=2) coincides with the constant
energy contours in the upper half cut 2D BZ, demonstrating the 2D
momentum-space glide reflection symmetry of the Brillouin Klein
bottle. Besides, more Brillouin Klein bottles can be cut from the
Brillouin half-turn space if the two oppositely oriented boundaries
(magenta lines) of the fundamental domain of the cut 2D BZ (green
plane) in Fig. 2a (Fig. 2b) move along opposite kz (kx) directions
Fig. 2. Brillouin Klein bottles (cyan planes) which are achieved by appropriately cutting t
indicate how the boundaries with the same color will be ‘‘glued” together. (e�h) The c
comparison, the constant energy contours within the lower half 2D BZ are translated to
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with the same wave vector or cut from Brillouin Klein space in
Fig. 2c, d with any fixed kx (see the Supplementary materials).
3.2. Observation of Brillouin half-turn space and Klein space in
acoustic crystal

We then experimentally demonstrate the Brillouin half-turn
space and Klein space in a 3D acoustic crystal. The experimental
sample consists of 30� 30� 15 acoustic resonators, as shown in
Fig. 3a. Each unit cell consists of four cylindrical acoustic res-
onators (beige color) with a radius of r0 and heights of h1 and h2,
as illustrated in Fig. 3b. Straight tubes with radii of r1 to r5 connect-
ing four acoustic resonators serve as the positive (dark green color)
or negative (red color) intralayer couplings, and the dark green
curved tubes with a radius of r6 serve as the positive interlayer chi-
ral couplings. Fig. 3d, e present the measured (color maps) and
simulated (green lines) iso-frequency contours at 6.46 kHz with
fixed ky = �0.5p/a (orange-red plane in Fig. 3c) and ky = �0.5p/
a + p/a (blue plane in Fig. 3c), respectively. Remarkably, after rotat-
ing one of the two iso-frequency contours by 180� around the ky
axis (normal vector of the kx-kz plane), it will coincide exactly with
the other one. Moreover, this conclusion applies to any fixed ky
ranging from �0.5p/a to 0.5p/a (see Supplementary materials),
indicating that the half 3D BZ is topologically an orientable Bril-
louin half-turn space. Particularly, by cutting the Brillouin half-
turn space appropriately, we can obtain non-orientable Brillouin
Klein bottles over which the band structure exhibits 2D
momentum-space glide reflection symmetry. As shown in Fig. 3f,
with fixed kx = 0 (yellow plane in Fig. 3c), the reflection of the mea-
sured iso-frequency contour over the cut lower half 2D BZ kz 2 [�0.
5p/h, 1.5p/h) � ky 2 [�0.5p/a, 0.5p/a) through the kz = 0.5p/h axis
(vertical grey dashed line) coincides with that over the cut upper
half 2D BZ kz 2 [�0.5p/h, 1.5p/h) � ky 2 [0.5p/a, 1.5p/a) after a half
translation LGy=2.
he Brillouin half-turn space (a, b) or Klein space (c, d). The marked arrow directions
onstant energy contours corresponding to the cut 2D BZ in (a�d), respectively. For
the upper half 2D BZ and marked as pink dashed lines.



Fig. 3. Observation of Brillouin half-turn space and Klein space. (a) Photograph of the sample. The inset shows a top view of the sample center where the red dashed square
denotes a unit cell. (b) A unit cell of the 3D acoustic crystal. The lattice constants in the x-y plane and z-direction are a = 48 mm and h = 32 mm, and the other geometrical
parameters are r0 = 6 mm, r1 = 2 mm, r2 = 4.5 mm, r3 = 3 mm, r4 = 2 mm, r5 = 2 mm, r6 = 2.2 mm, h1 = 24.5 mm, and h2 = 24 mm, respectively. (c) The six colored planes are 2D
BZs cut from the 3D Brillouin half-turn space (①�③) or Klein space (④�⑥), respectively. (d�i) Measured (color maps) and simulated (green lines) iso-frequency contours of
the bulk band structure at 6.46 kHz that correspond to the six cut 2D BZs in (c), respectively.
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Next, we demonstrate a non-orientable Brillouin Klein space in
the same 3D acoustic crystal. In Fig. 3g, h, after a reflection through
the ky = 0.5p/a (horizontal grey dashed line), the measured (color
maps) and simulated (green lines) iso-frequency contour at fixed
kz = �0.5p/h (purple plane in Fig. 3c) in Fig. 3g coincides exactly
with that at kz = �0.5p/h + p/h (pink plane in Fig. 3c) in Fig. 3h.
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Therefore, the half 3D BZ is topologically a non-orientable Brillouin
Klein space consisting of layered Brillouin Klein bottles [49] with
arbitrarily fixed kx (see Supplementary materials). Indeed, as
shown in Fig. 3i, the measured (color maps) and simulated (green
lines) iso-frequency contour of the cut 2D BZ with fixed kx = 0.5p/a
(cyan plane in Fig. 3c) exhibits similar 2D momentum-space glide
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reflection symmetry. Note that a single Brillouin Klein space can
also be realized by simply stacking a 2D lattice model with vertical
interlayer couplings (see Supplementary materials).
3.3. Self-collimated topological surface states of stacked weak Klein
bottle insulator

Finally, we explore the novel topological surface states of the 3D
acoustic crystal. Fig. 4a shows the calculated topological surface
state dispersions on surface 1 (red sheet) and surface 2 (blue
sheet), respectively. The frequency-dependent dispersions
(Fig. 4b) along ky direction with fixed kz = 0.5p/h (vertical grey
plane in Fig. 4a) exhibits a nonlocal twist relation between the
two topological surface states. By translating 0.5p/a along the ky
Fig. 4. Stacked weak Klein bottle insulator and its self-collimated topological surface
(b) Simulated surface dispersions with fixed kz = 0.5p/h. (c) The flows of cðkyÞ for the cubic
of the self-collimated topological surface states at 6.8 kHz. Green stars are acoustic poin
(green) lines indicate the simulated bulk (surface) dispersions. (g) Simulated iso-frequen
(green lines) iso-frequency contours of surfaces 1 and surface 2, respectively. The white
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direction, the projected surface state dispersion of surface 1 (red
line) coincides with that of surface 2 (blue line). This is because
the non-symmorphic character of Mx in the 2D momentum space
guarantees that only the projected surface state dispersions over
ky 2 [�p/2a, p/2a) are independent, while those over ky 2 [p/2a,
3p/2a) can be deduced from the operation of Mx. In this case, a
topological invariant defined on the cut half 2D BZ (cyan plane in
Fig. 2a) can be given by

v ¼ 1
2p

c �p=2ð Þ þ c p=2ð Þ½ �mod 2; ð2Þ

where cð�p=2Þ and cðp=2Þ are the Berry phases on the ky = �p/2
and ky = p/2 paths, respectively. Considering the specific parameters
for our model (see the Supplementary materials), we obtain a non-
states. (a) Simulated surface dispersions of two surfaces parallel to the y-z plane.
lattice model (Fig. 1a) with fixed kz = 0.5p. (d) Measured acoustic field distributions

t sources. (e, f) Measured surface state dispersions with fixed kz = 0.5p/h. The white
cy contour of two surfaces at 6.8 kHz. (h, i) Measured (color maps) and simulated
arrows denote group velocity directions of iso-frequency dispersions.
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trivial topological invariant v = 1, as shown in Fig. 4c. This result
holds true for all Brillouin Klein bottles cut from the Brillouin
half-turn space (see the Supplementary materials). Therefore, simi-
lar to the naming of weak topological insulators [50] and weak Stie-
fel–Whitney insulators [51], we name this 3D acoustic crystal as a
stacked weak Klein bottle insulator with nontrivial Z2 topological
invariant defined over the Brillouin half-turn space that supports
novel self-collimated topological surface states (Fig. 4d). The mea-
sured topological surface state dispersions (color maps) of two
opposite surfaces are shown in Fig. 4e, f, matching well with the
simulation results (green lines).

To further explore the peculiar nonlocal twisted relationship
between the two surface states, we plot their simulated (Fig. 4g)
and measured (Fig. 4h, i) iso-frequency contours. The reflection of
the iso-frequency contours of surface 2 (blue dashed lines) through
the axis of kz = 0.5p/h (horizontal grey dashed line) almost coin-
cides with that of surface 1 (red solid lines) after a half translation
LGy=2 (Fig. 4g), in which the slight mismatch results from that the
tight-binding model is not fully mapped to the realistic acoustic
crystal (see the Supplementary materials). Compared with previ-
ous 3D acoustic topological insulators [27,52], our acoustic stacked
weak Klein bottle insulator exhibits three distinctive properties.
Firstly, unlike the divergent topological surface states observed in
previous 3D acoustic topological insulators with Dirac conical dis-
persion relations, our stacked weak Klein bottle insulator features
self-collimated topological surface states because of their nearly
flat iso-frequency contour, as shown in Fig. 4g. The self-
collimated topological surface states hold promise for various
acoustic wave manipulations, such as directional vocalization,
acoustic beam collimating, and compact waveguiding. Secondly,
the self-collimated topological surface states exhibit exotic nega-
tive reflection (Fig. 4d) due to the opposite group velocity direc-
tions of iso-frequency dispersions (Fig. 4h, i), which can be used
as a topological acoustic retroreflector. Thirdly, the iso-frequency
contours of the self-collimated topological surface states form an
exotic torus link (Hopf link) on the momentum space surface
(see the Supplementary materials), in stark contrast to the previ-
ously reported torus link formed on the domain wall between
two different 3D Chern insulators with perpendicular Chern vec-
tors [15]. Interestingly, gauge symmetry can also be used to realize
higher-order Klein bottle insulators with topological hinge states
and corner states [53,54].
4. Conclusion and outlook

In conclusion, we have theoretically discovered and experimen-
tally observed a non-orientable Brillouin Klein space and an ori-
entable Brillouin half-turn space in a 3D acoustic crystal with
artificial gauge fields. The interplay between artificial gauge fields
and symmetry thoroughly changes the algebraic structure of crys-
talline symmetries, giving rise to peculiar 3D momentum-space
non-symmorphic screw rotation and glide reflection symmetries.
These features in turn reduce the fundamental domain of 3D
momentum space from the usual orientable Brillouin three-torus
to a non-orientable Brillouin Klein space or an orientable Brillouin
half-turn space, fundamentally modifying the fundamental domain
and topology of the 3D BZ. Moreover, we experimentally demon-
strate a novel stacked weak Klein bottle insulator with self-
collimated topological surface states. Our work provides a power-
ful platform to explore the theory of momentum-space non-
symmorphic symmetry [55] and the novel multidimensional man-
ifold topologies of momentum space as well as the gauge-
symmetry-enriched topological physics that are beyond the scope
of topological materials. We envision that other novel momentum-
space multidimensional manifold topologies, such as quarter-turn
2056
space [49], hexagonal torus [49], and Roman surface [56] can also
be realized in acoustic crystals with artificial gauge fields.
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