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Abstract — Fractional charge, a hallmark of modern electric polarization theory, provides a topological framework for understand-
ing quantized polarization. It has only recently been recognized that real-space topological defects, such as disclinations, can further
modify charge fractionalization, as an interplay between momentum-space and real-space topologies. So far, all the demonstrated
mechanisms that lead to fractional disclination charges have been limited to Hermitian or energy-conserved systems. Although the
non-Hermiticity has theoretically been predicted as a new route to modifying fractional disclination charge, experimental evidence
remains lacking, mainly because of the challenges in measuring biorthogonal bases and precisely controlling gain/loss. Here, on a
circuit metamaterial platform, we experimentally demonstrate the fractional disclination charge modification solely by manipulating
the gain/loss. In experiments, negative resistors are employed as on-site gain, while positive ones as on-site loss. By measuring ad-
mittance and calculating the local density of states, we observe the topological disclination states and the associated fractionalized
disclination charge. Moreover, by precisely tuning the spatial distribution of gain and loss, we observe a transition in disclination
charge from fractional to integer values, which coincided with the vanishing of localized disclination states and a topological phase
transition from nontrivial to trivial. Our experimental observations demonstrate a distinctive interplay between non-Hermiticity and
real-space topological defects.
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ic values, the quantized fractional charges that are exponen-
tially localized at corners are constrained by the band topol-
ogy properties of certain 2D lattices. Until recently has it

1. Introduction

The modern electric polarization theory [1], [2] establishes

a framework for quantized polarization that manifests phys-
ically as bound spectral charges. The filling anomaly of
these spectral charges [3], shown as the fractional charges
at domain boundaries, has stimulated research on topologi-
cal states with higher codimension (such as corner states in
two-dimensional (2D) [4], [5] and hinge/corner states in
three-dimensional (3D) [6], [7]). However, fixed to specif-

been recognized that real-space topological defects, such as
dislocations and disclinations [3], [8]-[12], can further mod-
ify charge fractionalization beyond conventional momen-
tum-space band topology [13], [14]. This interplay between
momentum-space and real-space topologies has been vali-
dated in both microwave metamaterials [15] and photonic
crystals [16], which facilitats the engineering of topologi-
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cal states with geometric defects [17]-[20].

Thus far, all demonstrated mechanisms leading to frac-
tional disclination charges have been limited to Hermitian
systems (i.e., energy-conserved systems). Recently, non-
Hermitian (NH) systems have attracted significant atten-
tion due to their exotic properties absent in Hermitian coun-
terparts, such as exceptional points, NH skin effect, and
non-Bloch band theory [21]-[29]. By incorporating gain
and/or loss, non-Hermiticity can provide additional degrees
of freedom for manipulating topological characteristics. For
instance, non-Hermiticity has been utilized for inducing
NH topological end states in one-dimensional (1D) lattices
[30]-[33] and corner states in 2D lattices [34], [35], both
associated with spectral charges. In addition, topological
disclination states are identified in NH lattices [36], further
providing a new route to modify fractional disclination
charge. However, experimental evidence is still lacking be-
cause of technical issues. On one hand, the definition of
electric polarization in Hermitian systems cannot be straight-
forwardly extended to NH systems, owing to the ill-defined
orthogonality of eigenstates [37], [38]. On the other hand,
the precise regulation of gain and loss parameters presents
substantial technical difficulties [39]-[43].

Here, using a circuit metamaterial platform, we experi-
mentally observe the fractional disclination charge sorely
by manipulating the gain/loss. Due to the precise tunability
of gain and loss, electrical circuits serve as a versatile plat-
form for exploring topological NH phases [44]-[53]. In our
experiments, negative resistors and conventional resistors
are embedded into the circuit metamaterial to implement
gain and loss on-site potentials, respectively. By combining
admittance matrix measurements with mode density calcu-
lations below the Fermi level, we establish biorthogonal
bases and analyze the local density of states (LDOS) dis-
tribution in our C5-symmetric circuit metamaterial. These
analyses confirm the emergence of both fractionalized dis-
clination charge (1/2 modulo 1) and topological disclina-
tion states. Moreover, by precisely tuning the spatial distri-
bution of gain and loss, we observe a transition in disclina-
tion charge from fractional to integer values, accompanied
by the vanishing of localized disclination states (leaving on-
ly a pure bandgap) and a topological phase transition from
nontrivial to trivial. Monochromatic field excitation enables
direct visualization of the disclination mode profile and its
localization—a crucial manifestation of charge fractional-
ization. Furthermore, we demonstrate twofold degenerate
midgap disclination states induced by gain and loss in C4-
symmetric lattices. These very similar observations in both
C4- and C5-symmetric systems establish general principles
governing the interplay between gain-loss mechanisms and
real-space disclinations.

II. Materials and Methods

1. Circuit sample construction

Circuit elements are selected and validated using the LT-

spice simulation software. The NH disclination circuits are
constructed using pre-selected components with the follow-
ing specifications: capacitors C, = Cy = 2.2 nF (£1%), in-
ductors Ly =22 uH (x1%), and resistors Ry, = 154 Q (£5%),
configured to achieve y/f=1.3, in which ¢ represents the
nearest hopping in circuit lattices. The INIC is implement-
ed by utilizing the LM6171 unity-gain stable operational
amplifiers (Texas Instruments). To ensure operation within
the linear region of the LM6171, we select R, = 300 Q and
verify stability through simulation. At the ten disclination
core sites, which are characterized by reduced circuit con-
nections, we employ capacitors with Cy = 4.4 nF (£1%) to
maintain the Laplacian form.

To minimize electromagnetic coupling, the printed cir-
cuit board (PCB) is designed with ground layers inserted
between the source and signal layers. Signal traces are im-
plemented with a width of 0.508 mm to minimize parasitic
inductance, while power supply traces are designed to have
a width of 0.635 mm to enhance their operational stability.
Components are spaced at minimum intervals of 1.5 mm to
reduce inductive coupling interference. The C5-symmetric
PCBs comprise 15 circuit unit cells and 10 disclination
sites, with a total of 280 sites across a 569 mm x 548 mm
board area.

2. Experimental measurements

Admittance eigenvalues and eigenstates are characterized
through scattering matrix (S) measurements using a vector
network analyzer (VNA) (Keysight E5061B). The operation-
al amplifiers are powered by a DC supply providing +15 V.
The impedance matrix Z is derived using the microwave
network transformation: Z = Z,(I +S)(I—-S)~' [54], where
Z, represents the VNA port impedance and I denotes the
identity matrix. This impedance matrix Z, being the inverse
of the circuit Laplacian J(w,), provides comprehensive in-
formation about the admittance eigenvalues and eigenstates.
Direct circuit site excitation measurements are also carried
out using the VNA (Keysight E5S061B), with subsequent
vector superposition post-processing.

II1. Results

1. Implementing disclination metamaterials with
tuned gain-loss

As shown in Figure 1(a), by removing a 7/3 sector (where
the Frank angle equals 7/3) from a graphene lattice and im-
plementing a cut-and-glue procedure, we create a C5-sym-
metric circuit metamaterial containing a disclination at the
core. After precisely tuning the on-site gain and loss distribu-
tions, we initially examine metamaterial exhibiting topolog-
ically nontrivial and trivial phases, as shown in Figures 1(b)
and 1(c), respectively. The circuit metamaterial platform
implements NH lattices with topological and trivial phases
(as shown in Figures 1(d) and 1(e)). The circuit design uti-
lizes C6-symmetric units (marked by solid lines) with cou-
pling capacitors C,, while lattice sites connect to ground
through parallel inductor L, and capacitor C,. To obtain the
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Figure 1 Circuit metamaterial and corresponding tuned gain-loss distributions. (a) Illustration of the formation of the NH disclination lattice. Schematic
of NH lattices containing a disclination, with (b) Topological phase and (c) Trivial phase. Photographs of the fabricated electric circuits for C5-symmetric
disclination lattices with (d) Topological phase and (e) Trivial phase. The C6-symmetric solid line box outlines a unit cell and the inset presents its en-
larged view. (f) Circuit representation of the on-site potential in NH lattices. R, denotes the balance resistor. The operational amplifiers are powered by a
DC supply providing voltages vces and vee- of £15 V. On-site loss depends on resistors while on-site gain depends on negative resistor.

less lossy spectra, making the admittance easier to measure
over the noise, gain nodes are realized using a negative im-
pedance converter with current inversion (INIC) in parallel
with LyC resonators. The detailed circuit configurations for
gain/loss sites are shown in Figure 1(f).

Governed by Kirchhoff’s laws, the circuit metamateri-
al’s response is described by I =JV, where J denotes the
circuit Laplacian, while I and V represent vectors of input
currents and node voltages, respectively. Taking a' and a,
as the creation and annihilation operators at site n, the cir-
cuit Laplacian J for NH lattices in Figures 1(d) and 1(e)
can be expressed at a given frequency w as follows:

J(w)-i= Zi(iw(Co+3C,)+

n

11,
" +—\aa,
I(A)L() Rn "

+wC, ) (aha, +hc) (1)

(nn'y

where h.c. stands for Hermitian conjugate, (nn’) indicates

nearest neighbors, R, is equal to R, for gain sites and —R,
for loss sites, i denotes the imaginary unit, and the appen-
dant term approaches zero when the frequency satisfies
wy =1/ VLy(Cy+3C,). See Note Sl in the Supporting In-
formation for circuit Laplacian calculation and experimen-
tal details.

2. Charge fractionalization induced by gain and loss

To provide a concrete demonstration and anticipate our ex-
perimental findings, we first present the complex energy
spectrum of the circuit metamaterials with different gain-
loss distributions in Figures 2(a) and 2(b). The theoretical
spectrum (Figure 2(a)) is derived through numerical evalua-
tion of the circuit Laplacian J(wg) using (1), yielding the
circuit lattice’s eigen-admittance j. Furthermore, the experi-
mental spectrum (Figure 2(b)) is obtained through circuit
Laplacian characterization using a VNA. The methods for
identifying both the bulk gap (indicated by red vertical
dashes) and the occupied states are described in Note S2 in
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Figure 2 Fractional disclination charges induced by gain and loss in C5-symmetric electric circuit. Complex energy spectra for the NH topological circuit
derived by (a) Numerical calculation and (b) Experimental measurements. The blue dot denotes the singlet mode, whereas the yellow and red dots corre-
spond to two doublet modes. The light green clusters represent corner modes, while the dark green dots indicate edge modes and bulk states. (c) Measured
spectral charge distribution in the NH topological circuit. (d) Measured voltage distributions at the resonance frequency for the five disclination states in
(b). Complex energy spectra for the NH topologically-trivial circuit derived by (e) Numerical calculation and (f) Experimental measurements, showing a
pure bandgap. (g) Measured spectral charge distribution in the NH topologically-trivial circuit.

the Supporting Information. Both calculation and experi-
mental results demonstrate a good agreement in revealing
five disclination states and corner modes in the mid-gap re-
gion. Moreover, Figure 2(d) illustrates experimental obser-
vations of the five localized disclination states within the
bulk gap, while the phase properties are detailed in Note S3
in the Supporting Information. Following similar numerical
and experimental approaches, we analyze the complex ener-
gy spectra for the topologically-trivial circuit (as shown in
Figure 1(e)) with results shown in Figures 2(e) and 2(f), re-
spectively. These spectra demonstrate a pure bandgap de-
void of mid-gap states, confirming the absence of disclina-
tion modes in the trivial phase (See Note S4 in the Support-
ing Information for mode profiles near the bulk gap).

Next, we turn to the calculation of fractional charge of
bulk unit cells near the disclination. Theoretical prediction
suggests that NH disclination lattices with specific gain-loss
distributions exhibit anomalous electron filling, resulting in
fractional charges around disclinations [33]. Following this
prediction and adopting the established methodology of an-
alyzing LDOS in circuit metamaterials, we conduct both
numerical calculations and experimental measurements on
the C5-symmetric circuit in its topological phase. Follow-

ing the canonical definition, the circuit disclination charge
for each bulk unit cell around the disclination core can be
determined as follows [33], [49], [50]:

0.= ZZ [(veuy(ve)

and

(mod 1) ©)

where (VX VE) represent the bi-orthogonal n-th left
and right eigenvectors of the full circuit Laplacian J, which
are obtained numerically from the measured circuit Lapla-
cian. Q, denotes the disclination charge for a bulk unit cell,
with / summed over 18 sites in each bulk unit cell plus 2
nearest sites in disclination core, and n summed over all oc-
cupied states.

In our circuit metamaterial introducing gain and loss,
the trapped disclination charge in each bulk unit cell clus-
ters around 1/2 mod 1, yielding a total disclination charge
of 0.47 for experiment as shown in Figure 2(c). For com-
parison, the respective spectral charge distributions of the
circuit with trivial phase reveal charge values concentrating
around 0 mod 1, with total disclination charge of 0.10 for
experiment (Figure 2(g)). Those experimental results illus-
trate an experimental observation of charge fractionaliza-
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Figure 3 Direct visualization of the disclination mode profile and localization effect. (a) Frequency-dependent intensity distribution illustrating the discli-
nation mode profile in a C5-symmetric circuit. Simulation results (solid lines) depict the behavior across varying gain/loss parameters y (0.5-2.5), while
experimental measurements (green dashed line) at y = 1.3 are obtained using the VNA configuration shown in the inset. The eigenstate spectra of the cir-
cuit are plotted as a function of resonant frequency, comparing (b) Topological phase and (c) Trivial phase. The insets show steady-state voltage respons-
es at the observed frequency (indicated by red dashed lines), with both simulated and experimental results displayed.

tion induced by gain and loss (see Note S5 in the Support-
ing Information for the Q,, calculation).

The bulk-disclination correspondence here establishes
a fundamental relationship between bulk properties and
charge properties localized at the disclination, given by
Qgis = xg mod 1, in which x is the rotational symmetry, g
is the bulk Wannier center (see Note S6 in the Supporting
Information for the Wannier center representation), and Qy;,
is the disclination charge. For the topological phase, the
gain-loss distribution yields ¢ = 0.5, manifesting as frac-
tional charge Qg ~ 0.5 mod 1 (Figure 2(c)). For the trivial
phase, when g = 0, it leads to integer charge Qg = 0 mod 1
(Figure 2(g)). Non-Hermiticity thus enables tuning the bulk
Wannier center through gain-loss distribution alone, direct-
ly controlling the disclination charge.

3. Direct visualization of the localization effect

Having observed the disclination modes and charge frac-
tionalization phenomena through circuit Laplacian experi-
ments, we directly visualize localization effects in the circuit
metamaterial. We apply an excitation scheme based on the
phase characteristics of a disclination mode from one of the
doublets to investigate the localization behavior. The core
intensity is quantified by calculating the sum of squared volt-
age amplitudes across all five disclination cores. Figure 3(a)
illustrates the frequency-dependent core intensity profiles
for various non-Hermiticity parameters y (gain/loss parame-
ters, see definition in Note S1 in the Supporting Informa-
tion), implemented through adjusting the parallel resistor

values R in the resonators. The observed shifts in resonant
frequency across different p values show a strong agree-
ment with theoretical predictions. The experimental mea-
surements, indicated by green dots, are obtained through
linear superposition of individual excitations at the discli-
nation cores with precisely controlled phase differences,
utilizing a VNA as shown in the inset (see detailed voltage
responses in Note S7 in the Supporting Information). The
experimental observation of the disclination mode shows a
good agreement with simulation for y = 1.3.

Due to the dispersive nature of circuit element admit-
tance, observation of the circuit lattice’s topological proper-
ties in the frequency domain requires the circuit Hamiltoni-
an [51]. Figures 3(b) and 3(c) illustrate the eigenstate spec-
tra as a function of eigenfrequency for circuits in topologi-
cal and trivial phases, respectively. These frequency-domain
eigenstate spectra, transformed from the measurements pre-
sented in Figures 2(b) and 2(f), preserve the topological
properties of the C5-symmetric lattices. For our experimen-
tal observations, we selected the frequency f =353.2 kHz
corresponding to the first doublet disclination mode (indi-
cated by horizontal red dashed lines). The circuit Hamilto-
nian transformation is detailed in Note S8 in the Support-
ing Information. The steady-state voltage responses, mea-
sured via VNA at this selected frequency, are displayed in
the insets, demonstrating that the experimental measure-
ments agree well with the numerical simulations. Notably,
the topological circuit exhibits strong localization effects,
manifesting as clearly observable disclination mode pro-
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Figure 4 Degenerate zero-energy topological disclination states induced by gain and loss in C4-symmetric circuit. (a) Illustration of the C4-symmetric
NH lattice formation and the photograph of the fabricated C4-symmetric NH circuit. The inset shows the enlarged view of the corresponding unit cell.
Eigenstates spectra of topological circuit obtained through (b) Calculation and (c) Experiment. The inset depicts the voltage distributions of two mid-gap
disclination states, including both amplitude and phase information. Complex energy spectra derived from (d) Calculation and (e) Experiment. (F) Photo-
graph of the fabricated C4-symmetric NH circuit unit cell with an alternative gain/loss configuration. Complex energy spectra obtained through (g) Calcu-

lation and (h) Experiment.

files at the observation frequency, as shown in Figure 3(b).
In contrast, the trivial circuit configuration (Figure 3(c))
displays no such localization, because the observation fre-
quency lies within a spectral gap where mode excitation is
suppressed.

4. Degenerate zero-energy topological disclination states
induced by gain and loss

We further expanded our investigation to include a C4-sym-
metric circuit configuration by removing a 277/3 sector from
the honeycomb lattice with different gain-loss distributions,
as illustrated in Figure 4(a). Figure 4(a) presents the fabri-
cated C4-symmetric circuit metamaterial, with the inset pro-
viding a detailed view of the unit cell structure. The eigen-
state spectra, derived from both theoretical calculations

(Figure 4(b)) and experimental measurements (Figure 4(c)),
reveal distinct degenerate mid-gap states, serving as a gain-
loss analogue to the results reported by Deng et al. [55].
The insets display the voltage distribution patterns of these
disclination states, encompassing both amplitude and phase
information. The twofold degeneracy of the midgap discli-
nation modes in the C4-symmetric lattice is a consequence
of the C4 rotational symmetry. Unlike C5, which only has
1D irreducible representations, the C4 point group possess-
es a 2D irreducible representation. The disclination states
belong to this representation and must appear as a degener-
ate pair to preserve the C4 symmetry, as both states are re-
quired to form a complete basis under rotation.
Furthermore, the corresponding complex energy spec-
tra obtained from theoretical calculations (Figure 4(d)) and
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experimental measurements (Figure 4(e)) demonstrate a
good agreement, clearly indicating the emergence of zero-
energy topological disclination states. In contrast, the C4-
symmetric NH circuit metamaterial with transitioned gain/
loss pattern (Figure 4(f)) exhibits substantially different
characteristics. The complex energy spectra obtained from
calculations (Figure 4(g)) and experiments (Figure 4(h))
confirm the absence of disclination states. The details about
C4-symmetric circuits can be found in Note S9 in the Sup-
porting Information.

IV. Conclusion

To summarize, we experimentally demonstrated the modifi-
cation of fractional disclination charges induced sorely by
gain and loss, representing a significant advancement in un-
derstanding the interplay between non-Hermiticity and real-
space topology. Through admittance measurements and
LDOS calculations in our circuit metamaterial platform, we
observed fractional charges of approximately 1/2 (modulo 1)
at disclination cores in the topological phase, which transi-
tioned to integer values in the trivial phase. This transition
coincided with the disappearance of localized disclination
states, demonstrating direct evidence of engineering frac-
tional disclination charges via gain and loss distributions.
Moreover, our observations of similar phenomena in both
C5- and C4-symmetric lattices establish general principles
for NH charge fractionalization across different geometric
configurations. The ability to control topological properties
through gain and loss distribution offers a versatile ap-
proach for designing topological devices with tunable char-
acteristics. While our current implementation focuses on the
linear regime, extending this framework to incorporate non-
linear effects could lead to the development of active topo-
logical devices with adaptive responses, including topologi-
cal lasers with enhanced stability properties.
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