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Topological Chern vectors in 
three-dimensional photonic crystals

Gui-Geng Liu1,7, Zhen Gao2,7, Qiang Wang1, Xiang Xi2, Yuan-Hang Hu3, Maoren Wang3, 
Chengqi Liu3, Xiao Lin4, Longjiang Deng3, Shengyuan A. Yang5, Peiheng Zhou3 ✉, 
Yihao Yang4 ✉, Yidong Chong1,6 ✉ & Baile Zhang1,6 ✉

The paradigmatic example of a topological phase of matter, the two-dimensional 
Chern insulator1–5, is characterized by a topological invariant consisting of a single 
integer, the scalar Chern number. Extending the Chern insulator phase from two to 
three dimensions requires generalization of the Chern number to a three-vector6,7, 
similar to the three-dimensional (3D) quantum Hall effect8–13. Such Chern vectors for 
3D Chern insulators have never been explored experimentally. Here we use 
magnetically tunable 3D photonic crystals to achieve the experimental 
demonstration of Chern vectors and their topological surface states. We demonstrate 
Chern vector magnitudes of up to six, higher than all scalar Chern numbers previously 
realized in topological materials. The isofrequency contours formed by the 
topological surface states in the surface Brillouin zone form torus knots or links, 
whose characteristic integers are determined by the Chern vectors. We demonstrate a 
sample with surface states forming a (2, 2) torus link or Hopf link in the surface 
Brillouin zone, which is topologically distinct from the surface states of other 3D 
topological phases. These results establish the Chern vector as an intrinsic bulk 
topological invariant in 3D topological materials, with surface states possessing 
unique topological characteristics.

Since its introduction in 1988, the two-dimensional (2D) Haldane model1 
has served as a prototype for the Chern insulator phase, establish-
ing the concept of band topology as an intrinsic property of materi-
als. Unlike the quantum Hall effect14, which is based on Landau-level 
quantization induced by a strong external magnetic field, the Hal-
dane model describes how a Chern insulator can arise via time-reversal 
symmetry breaking in a crystal. This has guided the theoretical and 
experimental discoveries of many 2D topological materials, includ-
ing Chern insulators2–5 as well as the quantum spin Hall effect, a 
time-reversal-symmetry-invariant 2D topological insulator that origi-
nated from consideration of two overlaid Haldane models15,16. In par-
allel, the ideas behind the Haldane model have been translated from 
condensed-matter systems to classical wave systems, giving rise to the 
fields of topological photonics17–19 and topological acoustics20,21. These 
classical wave realizations, called photonic or acoustic topological 
insulators, exhibit topologically non-trivial band structures and topo-
logical edge states like their condensed-matter counterparts, but lack 
certain features such as quantized Hall conductance14.

The idea of intrinsic band topology has been extended to numerous 
three-dimensional (3D) topological materials in the past decade6,7,15,16,22–30.  
For example, 2D quantum spin Hall insulators can be stacked to form a 

weak 3D topological insulator15,16 that hosts topological surface states 
on some surfaces, and a further generalization yields strong 3D topolog-
ical insulators with topological surface states on all surfaces15,16. Phase 
transitions between topologically distinct 3D insulators are mediated 
by topological semi-metal phases30 such as Weyl semi-metals, which 
host Fermi arc surface states22,23. However, Chern insulators themselves 
have markedly lagged behind in experimental realization. A 2D Chern 
insulator in a real crystalline material was implemented only in 2013, 
using a thin film of a 3D strong topological insulator2. There has been 
no realization of a 3D Chern insulator to date.

Previous theories have established that a 3D Chern insulator is 
characterized by a Chern vector consisting of a vector of three Chern 
numbers6,7, C = (Cx, Cy, Cz), similar to the 3D quantum Hall effect8,9 but 
as an intrinsic material property not associated with Landau levels. 
The multicomponent nature of the Chern vector leads to a generali-
zation of the topological bulk-boundary correspondence principle 
from one-dimensional boundaries (edge states) to 2D boundaries 
(surface states); as we show below, the resulting surface states can 
form non-trivial torus knots or torus links on the 2D surface Brillouin 
zone (BZ). Moreover, a 3D Chern insulator can exhibit phase transi-
tions to Weyl semi-metals27–30 through a process whereby a non-trivial 
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Chern vector emerges from a pair of Weyl points (WPs) with opposite 
charges, or vice versa. Such a topological phase transition has never 
been observed experimentally.

Here, we present an experimental study of magnetically tunable 
photonic crystals with non-trivial Chern vectors. The photonic crystal 
incorporates gyromagnetic materials to break the time-reversal sym-
metry17–19,31. Using a combination of bulk and surface measurements, 
we directly observe the topological phase transition from 3D trivial 
insulators to 3D Chern insulators, mediated by ideal Weyl phases that 
can host a single Fermi arc (the simplest possible Fermi arc configura-
tion), which has never been seen experimentally24–26. By modulation 
of the system along a spatial axis z, we achieve a Chern vector with 
z-component Cz = 6, which is very high when compared to all scalar 
Chern numbers previously realized in gapped2–5 or gapless23–26 topo-
logical materials. We further demonstrate topological surface states 
between samples with perpendicular Chern vectors, which form a (2, 2)  
torus link (a Hopf link) in the surface BZ. Notably, this situation is 
topologically distinct from the limiting case of an isolated stack of 
decoupled 2D Chern insulators. To our knowledge, the classification 
of Chern insulator surface states in terms of knot theory has never 
previously been explored.

Unit Chern vector
We start from a photonic crystal unit cell consisting of a gyromagnetic 
rod and a metallic plate perforated with holes, as depicted in Fig. 1a 
(see Methods and Extended Data Fig. 1 for parameters of the gyromag-
netic material). The holes, positioned at the two sets of inequivalent 
corners of the hexagonal unit cell with radii of r1 and r2, introduce inter-
layer coupling and break the in-plane inversion symmetry. Keeping 
r1 + r2 = 3.3 mm fixed, the difference between the hole radii, R = r2 − r1, 

characterizes the degree of inversion symmetry breaking. A uniform 
magnetic field (similar to the role of magnetic fields in ref. 3) is applied 
along the z axis to magnetize the gyromagnetic rods, and field strength 
B characterizes the degree of time-reversal symmetry breaking.

As R and B vary, the photonic crystal shows the phase diagram seen 
in Fig. 1b, with trivial insulators, 3D Chern insulators and Weyl phases. 
At fixed R = −0.7 mm (that is, r1 = 2 mm, r2 = 1.3 mm), tuning of B allows 
us to access all three distinct topological phases, as indicated by the 
purple dashed line in Fig. 1b (see Methods and Extended Data Fig. 2 for 
calculation of Chern vectors, and Extended Data Fig. 3 for a qualitative 
tight-binding model). At zero magnetic field, the photonic crystal has 
a 3D trivial bandgap from 18.6 to 19.2 GHz, as shown in Fig. 1d.

Over a wide range of magnetic fields (roughly 0.03–0.355 T), the 
photonic crystal behaves like a gapless magnetic Weyl semi-metal. 
For example, at B = 0.2 T, the simulated band structure (Fig. 1e) has 
two bands linearly intersecting at momenta (kx, ky, kz) = (4π/3a, 0, 
±0.53π/h) along the KH line in the bulk BZ, forming a single pair of 
WPs. The existence of a single pair of WPs, the minimum possible, can 
occur only in a time-reversal symmetry-broken system23. Because the 
WPs carry opposite topological charges (Chern numbers), their projec-
tions on the surface BZ are connected by a Fermi arc of surface states 
(Fig. 1c). A similar single pair of WPs was previously observed in a cold 
atom experiment32, but that lattice was effectively boundary free so 
no Fermi arc could be probed. Simulations show that as magnetic field 
strength gradually increases, the system remains in the Weyl phase, the 
two WPs move in opposite directions (indicated by arrows in Fig. 1c) 
and the Fermi arc lengthens. At the critical magnetic field strength of 
B = 0.355 T, the two WPs merge at the high-symmetry point H.

The annihilation of the WPs at H corresponds to a topological transi-
tion from the Weyl phase to a non-trivial insulating phase—a 3D Chern 
insulator. Figure 1f shows the calculated band diagram at B = 0.45 T, 
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Fig. 1 | Photonic design of a 3D Chern insulator. a, Unit cell of a gyromagnetic 
photonic crystal biased by external magnetic field B. The lattice constant in the 
x–y plane is a = 10 mm, and periodicity along z is h = 3 mm. r = 1.2 mm, 
h1 = 2.0 mm, h2 = 1.0 mm. b, Phase diagram of the photonic crystal. Grey regions 

represent Weyl semi-metal phases hosting two WPs. c, Bulk BZ and (010) 
surface BZ. Red and blue arrows indicate WP movement directions with 
enhancement of B. d–f, Band diagrams of the photonic crystal with R = −0.7 mm 
(r1 = 2.0 mm, r2 = 1.3 mm) and B = 0 T (d), 0.20 T (e) or 0.45 T (f).
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which hosts a 3D topological bandgap from 19.3 to 19.7 GHz. The calcu-
lated Chern vector C = (0, 0, 1) is labelled in the phase diagram of Fig. 1b. 
The direction of the Chern vector is fixed along the z axis (Methods and 
Extended Data Fig. 4).

The experimental sample is shown in Fig. 2a,b (Methods and Extended 
Data Fig. 5). It is magnetically biased along the z axis by an external elec-
tromagnet. To measure bulk transmission within the sample, we insert 
two dipole antennae (acting as a probe and a source, respectively) into 
the bulk using the experimental set-up shown in Fig. 2c. The point-like 
source excites almost all wavevectors in bulk. By continuously tun-
ing B from 0 to 0.475 T we obtain the bulk transmission plot shown 
in Fig. 2d, which exhibits closing of a complete photonic bandgap at 
around B = 0.05 T and its subsequent reopening of more than 0.36 T. 
These correspond to the two predicted topological phase transitions 
from the 3D trivial insulator phase to the gapless Weyl phase and, sub-
sequently, to a 3D Chern insulator. For comparison, the first-principles 

numerical calculation shows a trivial insulator phase (with a complete 
3D bandgap, bounded by two dashed black lines in Fig. 2d) of less than 
0.03 T, a gapless Weyl phase from 0.030 to 0.355 T (with Weyl frequen-
cies indicated by the solid white line in Fig. 2d) and a 3D Chern insulator 
phase of more than 0.355 T (with a complete 3D bandgap, bounded by 
two dashed white lines in Fig. 2d). The experimental and numerical 
results are in good agreement.

Next, we studied the topological surface states and their dependence 
on the biasing magnetic field. We cover the frontal (010) surface (par-
allel to the x–z plane) of the photonic crystal with a copper cladding, 
which acts as a trivial photonic bandgap material, while wrapping the 
other surfaces with microwave absorbers. A point source is placed 
near the centre of the frontal (010) surface to excite surface states. The 
field distributions on the surface are mapped out using a near-field 
scanning probe (Methods) and, subsequently, Fourier transformed 
to form surface dispersion contours.
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Fig. 2 | Observation of topological bandgap opening with WP pair 
annihilation. a, Photograph of a fabricated experimental sample. The sample 
has 33 layers in the z direction and 22 (14) unit cells in the x (y) direction. b, Close-up  
view of the sample; the first copper plate on the top has been moved for clarity. 
The gyromagnetic rods are embedded in the dielectric foam to fix their 
positions. c, Experimental set-up for measurement of bulk transmission. The 
source and probe are inserted from the centres of the bottom and top surfaces, 
at 2 cm depth. d, Measured bulk transmissions under different biasing magnetic 
fields. Solid white line indicates calculated WP frequency; the black and white 

dashed lines enclose the complete 3D trivial and 3D Chern bandgap, 
respectively. Phase transition from a 3D trivial insulator to a gapless Weyl 
crystal and a gapped 3D Chern insulator occurred at B = 0.03 T and 0.355 T, 
respectively. e–h, Measured surface intensity on the frontal (010) plane for 
biasing magnetic field strengths and frequencies of 0 T at 18.9 GHz (e), 0.20 T 
at 19.0 GHz (f), 0.35 T at 19.15 GHz (g) and 0.45 T at 19.6 GHz (h). Green lines 
indicate the simulated Fermi arc or Fermi loop surface states, and red and blue 
dots represent projected WPs carrying opposite topological charges.
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For B = 0 there is a negligible surface intensity at 18.9 GHz within 
the calculated bandgap (Fig. 2e), consistent with the photonic crystal 
being in the 3D trivial insulator phase. For B = 0.2 T the photonic crystal 
is in the Weyl phase (Fig. 2d); Fig. 2f shows the surface intensity at Weyl 
frequency of 19.0 GHz, which forms a single open arc connecting the 

projections of the two WPs, consistent with the prediction in Fig. 1e.  
As we further increase B, WPs move toward the boundary of the 
surface BZ (as shown in Fig. 2g for B = 0.35 T). At B = 0.45 T the crystal 
has entered the 3D Chern insulator phase and the measured surface 
intensity at 19.6 GHz (within the newly opened bandgap) forms a curve 
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Fig. 3 | Photonic 3D Chern insulators with large Chern vectors. a, Unit cell  
of the photonic crystal under modulation of hole radii in two adjacent layers. 
r = 1.2 mm, h1 = 2 mm, h2 = 1 mm. The lattice constant in the x–y plane is 
a = 10 mm, and periodicity along z is h = 6 mm. Magnetic field B is applied  
along the +z axis. b, Phase diagram of the photonic crystal. Grey regions 
represent Weyl semi-metal phases hosting two WPs. c,d, Bulk BZ and (010) 
surface BZ for B = 0.20 T (c) and B  = 0.42 T (d). e, Measured surface intensity  
for biasing magnetic field strengths of 0 T (at 18.9 GHz), 0.20 T (at 19.1 GHz), 
0.35 T (at 19.3 GHz), 0.42 T (at 19.4 GHz) and 0.50 T (at 19.8 GHz). Green lines 

indicate the simulated Fermi arc or Fermi loop surface states, and red and blue 
dots represent projected WPs carrying opposite topological charges. f–j, Top: 
unit cell of the photonic crystal with Chern vector (0, 0, 2) (f), (0, 0, 3) (g), (0, 0, 4)  
(h), (0, 0, 5) (i) and (0, 0, 6) ( j). Hole radii are r1 = 2.0 mm and r2 = 1.3 mm. Bottom: 
measured surface intensity for biasing magnetic field 0.45 T along the +z axis at 
frequency 19.6 GHz. Green lines represent simulated Fermi loops. Middle: 
measured surface intensity extracted from bottom panels at kz = π/h, where h is 
the periodicity along z for each unit cell.
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known as a surface Fermi loop7, which winds around the surface BZ as 
shown in Fig. 2h. The existence and orientation of this single Fermi loop 
are determined by the Chern vector C = (0, 0, 1). Further experimental 
data are presented in Extended Data Fig. 6.

Large Chern vector magnitudes
Next, we increased the Chern number component Cz by application of 
spatial modulation along the z axis. We modulate the radii of perfo-
rated holes, as labelled by r1, r2, r3, r4 in Fig. 3a, in two adjacent layers that 
form a unit cell. We keep r1 + r2 = 3.3 mm and r3  + r4 = 3.0 mm fixed, and 
define the difference between the hole radii as R = r4 – r3 = 12/7(r2 – r1). 
All other parameters are unchanged except the doubled periodicity 
along z. As R and B vary, the photonic crystal exhibits the phase dia-
gram shown in Fig. 3b (see Methods and Extended Data Fig. 3c,d for a 
qualitatively similar tight-binding model). Compared with the phase 
diagram in Fig. 1b, there is another bandgap closing and reopening 
mediated by a Weyl phase, which produces a larger Chern vector 
C = (0, 0, ±2), implying the existence of two Fermi loops. At fixed 
R = −1.2 mm (that is, r1 = 2 mm, r2 = 1.3 mm, r3 = 2.1 mm and r4 = 0.9 mm), 
tuning of B allows us to access all five distinct topological phases, 
as indicated by the purple dashed line in Fig. 3b (see Extended Data 
Fig. 2d–h for Chern vector calculations and Extended Data Fig. 7a–e 
for band diagram simulations). We experimentally observe these 
phase transitions, as shown in Fig. 3e, by surface intensity measure-
ments similar to those shown in Fig. 2e–h. Although both Weyl phases 
(Fig. 3c,d) host a single Fermi arc, in the latter there is an extra Fermi 
loop and the two WPs emerge from the boundary of the surface BZ, 
annihilating each other at kz = 0.

We adopted another modulation scheme to construct still-larger 
Chern vectors. We maintained the hole radii as r1 = 2 mm and r2 = 1.3 mm, 
the same as in the sample in Fig. 2, but arranged the stacked layers in 
a staggered manner, as shown in the upper panels of Fig. 3f–j for unit 
cells constructed from two, three, four, five and six layers. This gave 
rise to Chern vector components Cz = 2, 3, 4, 5 and 6, respectively (see 
Extended Data Fig. 7f–j for band diagram simulations). The values 
of Cz were experimentally verified by counting the number of Fermi 
loops, as shown in the middle and lower panels of Fig. 3f–j. Our dem-
onstrated value of Cz = 6 is higher than all previously realized scalar 
Chern numbers in both gapped2–5 and gapless23–26 topological mate-
rials. Further increases in Cz are possible by the addition of further 
modulation layers.

Torus loops and links
Chern vector C = (0, 0, m) induces m Fermi loops that wind around the 
median of the surface torus (the BZ formed by kx and kz) m times with-
out crossing and, similarly, Chern vector C = (n, 0, 0) induces n Fermi 
loops winding along the longitude of the surface torus. We now consider 
an x–z interface between two 3D Chern insulators with perpendicular 
Chern vectors zm  ̂and nx̂, similar to the illustration in Fig. 4a. The result-
ing surface states have winding numbers of m and n around the median 
and longitude, respectively, of the surface BZ. In knot theory33, such 
an object is called an (m, n) torus knot if m and n are co-prime, or an 
(m, n) torus link (a link of torus knots) if m and n are not co-prime 
(see Methods and Extended Data Fig. 8 for a summary of torus knot 
theory).

We tested the above prediction by constructing an x–z interface 
between two photonic crystals with Chern vectors of (0, 0, 2) and  
(2, 0, 0)—that is, z2  ̂and 2x̂, as illustrated in Fig. 4a. We used the photonic 
crystal design in Fig. 3f for the 3D Chern insulator with Chern vector 
2ẑ; the other 3D Chern insulator with Chern vector x2ˆ is simply a dupli-
cate rotated 90° around the y axis (see Methods and Extended Data 
Fig. 5e for fabricated samples). We increased the height of the gyro-
magnetic rods to match the periodicity along x and z, and fine-tuned 
the radii of the coupling holes to maximize the bandgap size (see 
Extended Data Fig. 9 for band diagram simulations and experimental 
characterization of Chern vectors). A magnetic field of B = 0.5 T was 
applied along the direction x zˆ + ˆ to magnetize both photonic crystals. 
As shown in Fig. 4b, the measured surface intensity shows two Fermi 
loops forming a (2, 2)-torus link—a so-called Hopf link—formed by two 
interlinked torus knots (Fig. 4c; see Extended Data Fig. 10 for a sche-
matic of how the Hopf link forms). Other torus knots and torus links 
can be constructed on the basis of these principles.

Outlook
These results provide conclusive experimental evidence for 3D pho-
tonic band structures topologically characterized by the Chern vector, 
a vectorial generalization of the scalar Chern number. The 3D Chern 
insulator phase extends the 2D Chern insulator’s bulk-boundary cor-
respondence to the case of 2D boundaries, with topological surface 
states possessing unique characteristics. Moving forward, we can use 
this platform for further manipulations of the Chern vector, such as 
using higher spatial symmetries to realize magnetically orientable 
Chern vectors31. It would be interesting to extend the 3D Chern insulator 
concept from photonics17–19 to cold atom32,34 and condensed matter2–5 
systems, and to explore the physical implications of the linked and 
knotted topological surface states.

Note: when our work was under review, we noted another work 
reporting a Hopf link structure in the 3D BZ in a magnetic topological 
semi-metal35. Our observed Hopf link is a torus link in the 2D surface BZ, 
formed by topological surface states in a topological insulating phase.
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Methods

Numerical simulation
The bulk and surface band diagrams were numerically calculated with a 
finite-element method solver (COMSOL Multiphysics RF Module). The 
copper plates were modelled as perfect electric conductors (PECs). 
The surface dispersions on the front (010) surface were calculated in 
a supercell with 40 cells in the y direction, the two boundaries parallel 
to the frontal (010) surface were set as PECs and the other boundaries 
were set as periodic boundary conditions.

The relative permeability tensor of the gyromagnetic materials has 

the form μ

μ κ

κ μ=

i 0
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r
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, 

ω γμ M=m s0 , ω γμ H=0 0 0, μ H0 0 is the external magnetic field along the 
z direction, γ = 1.76 × 1011 s−1 T−1 is the gyromagnetic ratio, α = 0.0088 is 
the damping coefficient and ω is the operating frequency. The disper-
sion of permeability tensor elements μr and κ for 0.20  and 0.45 T bias-
ing magnetic fields is shown in Extended Data Fig. 1a,b, respectively. 
Because the resonance frequency of the permeability is far from the 
Weyl frequency or the bandgap, to facilitate simulation we ignored 
weak dispersion in permeability within the frequency range of interest. 
Take the simulation of Fig. 2d as an example: the dispersionless μr and 
κ are taken from the values of the dispersive μr and κ at the Weyl fre-
quency in the gapless phase, or at the mid-gap frequency in the gapped 
phase. The values of μr and κ at different magnetic field strengths are 
shown in Extended Data Fig. 1c.

Calculation of Chern vector and WP charge in the photonic 
crystal
The topological charge (Chern number) of a WP is calculated by inte-
grating the Berry curvatures over a surface enclosing the WP. The Berry 
curvature is defined as AΩ ( ) = ∇ × ( )n nk kk , where ∣ ∣k k k kA u u( ) = i⟨ ∇ ⟩n n n, ,  
is the Berry connection and un,k is the Bloch state for the nth band.  
The topological charge of a WP is given by k s∫ Ω ( )dπ S n

1
2

, where S is a 
surface enclosing the WP.

A Chern number is well defined for a 2D slice of the first BZ not con-
taining the WP. Specifically, the Chern numbers for the x̂, ŷ and ẑ 
momentum planes are defined as ∫C k= Ω dx y z π S n

x y z
, ,

1
2

, , 2
x y z, , , where Sx,y,z 

are the kx,y,z-fixed 2D BZ. In Extended Data Fig. 2a–c we show the calcu-
lated Cz for the band structure simulations in Fig. 1d–f, respectively. 
For example, the calculated Cz for the second band of the photonic 
crystal under 0.2 T magnetic field shows that ∣ ∣C k h( < 0.53π/ ) = 1z z  and 
C k h( > 0.53π/ ) = 0z z∣ ∣ . The change of Cz corresponds to the positions 
of WPs.

For a 3D Chern insulator, the system is globally gapped so that Cx,y,z 
are well defined over the entire BZ. For example, as shown in Extended 
Data Fig. 2c, Cz = 1 is applicable to all 2D slices of BZ for the photonic 
crystal with 0.45 T magnetic fields. Because Cx,y = 0, the complete 
bandgap between the second and the third bands of the 3D photonic  
Chern insulator designed in Fig. 1 can be characterized by a triad of 
Chern numbers, or Chern vector C = (Cx, Cy, Cz) = (0, 0, 1).

Extended Data Fig. 2d–h shows the calculated Cz corresponding to 
the phase transition demonstrated in Fig. 3e.

Qualitative tight-binding models
The gyromagnetic photonic crystals proposed in the main text can 
be qualitatively described by tight-binding models that help to inter-
pret the topological phases and potential phase transitions in 3D 
photonic crystals36,37. To produce the similar phases shown in Fig. 1b, 
a 3D Haldane model was constructed by AA-stacking 2D Haldane 
model layers and introducing the interlayer coupling (Extended Data 
Fig. 3a). For each layer, the A (purple) and B (orange) sublattice sites 
possessed on-site energies of +M and −M, respectively. There is a real 

hopping term, t1, between the nearest-neighbour sites (solid black 
lines) and a complex hopping term, t2exp(iϕ), between the next-
nearest-neighbour sites (solid purple and orange lines). The inter-
layer hopping terms for A and B sublattice sites are ta (pink dashed 
line) and tb (blue dashed line), respectively. The Bloch Hamiltonian 

of this 3D Haldane model is given by 

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
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
kH Δ Φ

Φ Δ
( ) =

+ −

+ − , where 

Δ t ϕ M t k h= 2 ∑ cos( ± ⋅ ) ± + 2 cos( )i i z
±

2 =1,2,3 a,bk b , k aΦ t= ∑ ei
±

1 =1,2,3
±i ⋅ i, (a1, 

a2, a3) are the displacements from a B site to its three adjacent A sites 
and b1 = a2 − a3, b2 = a3 − a1, b3 = a1 − a2. By tuning the hopping terms, 
this 3D model exhibits a phase diagram shown in Extended Data 
Fig. 3b; M and ϕ characterize the inversion and time-reversal sym-
metry-breaking strengths, respectively. The phases in the diagram 
in Fig. 1b, including 3D Chern insulating, 3D trivial insulating and 
gapless Weyl phases, also emerge in this 3D Haldane model. Note 
that one phase present in the 3D Haldane model, but not in our pho-
tonic crystal analogue, is a Weyl phase with four WPs, but this is not 
important to the present study.

To demonstrate the phases shown in Fig. 3b we can also develop a 3D 
Haldane model with two layers in a unit cell, as shown in Extended Data 
Fig. 3c. By assigning different interlayer couplings for the two layers, 
we can obtain a more complicated phase diagram shown in Extended 
Data Fig. 3d. Apart from the previous phases, there are two new phases 
emerging: another gapless Weyl phase and another 3D Chern insulat-
ing phase with Cz = ±2.

Direction of Chern vector in the presence of tilted magnetic 
fields
In our designed photonic crystals, the direction of Chern vectors is 
determined by the stacking direction. For example, the Chern vectors 
in Figs. 1–3 are always in the form of (0, 0, m)—that is, in the z direction. 
Even when the external magnetic field is tilted, the direction of Chern 
vectors will not change. This is because, in each layer of the crystal, 
the upper and lower metallic plates form a parallel-plate waveguide 
of deep subwavelength thickness. Therefore, only the fundamental 
mode is guided in the parallel-plate waveguide, where E field is in the 
z direction and H field is in the x–y plane. The H field in the x–y plane 
mainly interacts with the magnetization of gyromagnetic rods along  
the z axis, which induces Chern vectors in the z direction. As an example, 
we numerically simulate in Extended Data Fig. 4 the phase diagram 
of the photonic crystal designed in Fig. 1, when the magnetic field 
B = 0.45 T is applied at a tilted angle. We define the angle between the 
x axis and the magnetic field as α. By varying the parameters R and 
α, the photonic crystal exhibits various phases (see phase diagram 
in Extended Data Fig. 4b). With R = −0.7 mm, the photonic crystal 
hosts a 3D trivial gap at α = 0 (Extended Data Fig. 4d), a pair of WPs at 
α = π/6 (Extended Data Fig. 4e) and a 3D Chern insulating gap at α = π/2 
(Extended Data Fig. 4f). Tilting will reduce the effective magnetic field 
in the z direction but the induced Chern vector, if non-trivial, is always 
in the z direction. Tilting of the magnetic field will shift WPs off the 
high-symmetry KH line only slightly, as shown in Extended Data Fig. 4c.

Experimental set-ups
The gyromagnetic material is yttrium iron garnet (YIG) ferrite, with rela-
tive permittivity 14.3 and dielectric loss tangent 0.0002. The measured 
saturation magnetization is Ms = 1,780 Gauss and the gyromagnetic 
resonance loss width is 35 Oe. The copper plates were prepared by coat-
ing copper of thickness 0.035 mm onto Teflon woven-glass fabric lami-
nate. The dielectric foam (ROHACELL 31 HF) used to fix the positions of 
YIG rods has relative permittivity 1.04 and loss tangent 0.0025. The air 
holes penetrate through the copper plate layers and the dielectric foam 
layers, as shown in Extended Data Fig. 5a. In the measurements, uniform 
external magnetic fields generated by an electromagnet were applied 
along the z axis producing a strong gyromagnetic response in the ferrite 
rods, as shown in Extended Data Fig. 5c. The spatial non-uniformity of 
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the magnetic fields is less than 2% in the sample region, measured and 
calibrated using a gaussmeter (HFBTE, no. TD8620).

During measurements, two microwave dipole antennae were con-
nected to a vector network analyser (Agilent Technologies, no. E8363C) 
to function as the source and probe, respectively. Complex field distri-
butions were measured by insertion of the probe into the air holes one 
by one and scanning along the z direction in small steps.

The chiral propagation of surface states is demonstrated in Extended 
Data Fig. 6e,f. In particular, we inserted several copper pillars into the 
coupling holes to function as the metallic obstacles (Extended Data 
Fig. 5b). In Fig. 3, for large Chern vectors, to enhance the resolution 
and distinguish multiple Fermi loops we adopted triangular samples 
as shown in Extended Data Fig. 5d, where all three wall surfaces were 
identical. Because surface states propagate around corners robustly, 
the three surfaces can be treated as a single surface with more data 
points in Fourier transform processing. The experimental sample in 
Fig. 4 is shown in Extended Data Fig. 5e. A dielectric foam (ROHACELL 31 
HF) of thickness 3 mm was inserted between the two photonic crystals 
to tune the coupling of the surface states.

Torus knot theory
In knot theory, a torus knot is a knot that can be placed on the surface of 
a torus without crossing itself. A torus knot is classified by two co-prime 
integers, m and n, which correspond to the number of times a knot wraps 
around the longitude and meridian of a torus, as labelled by (m, n).  
If m and n are not co-prime, (m, n) describes a torus link formed by a 
number of torus knots equal to the greatest common divisor between 
m and n33. In Extended Data Fig. 8 we plot the torus knots/links for dif-
ferent combinations of m and n. The simplest torus link, which consists 
of two non-crossing components, is the (2, 2)-torus link, or Hopf link.

Construction of perpendicular Chern vectors
The two perpendicular Chern vectors, z2ˆ and 2x̂, were constructed in 
two photonic crystals, as shown in Extended Data Fig. 9a,e, where the 
magnetic field was applied along the direction of ˆ + ˆx z. These two pho-
tonic crystals have identical properties except for different orientations 
(see Extended Data Fig. 9b,f for band diagrams). When interfaced with 

a PEC, each photonic crystal shows two Fermi loops, as simulated and 
measured in Extended Data Fig. 9c,g. These Fermi loops wrap around 
the BZ torus surface, as shown in Extended Data Fig. 9d,h.

When two photonic crystals interface with each other, as illustrated 
in Fig. 4a, there are some interactions among their Fermi loops. Owing 
to the anti-crossing principle, the four Fermi loops will rearrange in the 
BZ and merge into two Fermi loops that then wrap around the torus 
surface as a Hopf link, as shown in Extended Data Fig. 10.

Data availability
The data in this study are available from the Digital Repository of NTU 
at https://doi.org/10.21979/N9/QTBDH7.
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Extended Data Fig. 1 | Permeability tensor of the gyromagnetic material.  
a,b, Frequency-dependent elements μr and κ of the permeability tensor of the 
gyromagnetic material for B = 0.20 T and 0.45 T, respectively. The grey dashed 

line in a indicates the Weyl frequency in Fig. 2, and the grey rectangle in  
b indicates the bandgap of the photonic crystal in Fig. 2. c, Dispersionless μr 
and κ adopted in all simulations as a function of biasing magnetic fields.
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Extended Data Fig. 2 | Chern-number component Cz of photonic crystals. 
a–c, Chern-number component Cz calculated in the 2D BZ plane at a fixed kz 
along the purple dashed line in Fig. 1b. The magnetic field B = 0 T, 0.20 T, and 
0.45 T, corresponds to the band diagrams in Fig. 1d, e, and f, respectively.  

d–h, Chern-number component Cz calculated in the 2D BZ plane at a fixed kz 
along the purple dashed line in Fig. 3b. The magnetic field B = 0 T, 0.20 T, 0.35 T, 
0.42 T, and 0.50 T, corresponds to the simulated and measured surface 
intensities in Fig. 3e.



Extended Data Fig. 3 | Qualitative tight-binding models. a, Qualitative 
tight-binding model for the photonic crystal designed in Fig. 1. b, Phase 
diagram of the model in a. It exhibits a trivial 3D insulating phase and a 3D 
Chern insulator phase, characterized by Chern vectors of (0, 0, 0) and (0, 0, ±1), 
respectively. c, Qualitative tight-binding model with two layers in a unit cell.  

d, Phase diagram of the model in c. Each gapped phase has been labelled by a 
Chern vector. The brown and the grey regions represent the gapless Weyl 
semimetal phases hosting four and two WPs in the first BZ, respectively. Here, 
t2 = 1.2, and the interlayer couplings represented by pink, blue, brown, and 
green dashed lines are 3, 0.5, 2, and 1.5, respectively.
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Extended Data Fig. 4 | Phase transition by rotation of magnetic fields. The 
photonic crystal designed in Fig. 1 is considered in the simulation as a typical 
example. a, Magnetic field rotatable in the x-z plane. b, Phase diagram of the 
photonic crystal by tuning the radius difference between two coupling holes  
R = r2−r1 and the angle between the x-axis and the magnetic field α (B = 0.45 T). 
Grey regions: Weyl semimetal phases hosting two WPs. c, Bulk BZ. The blue and 
red dots are the two ideal WPs with opposite topological charges, when α = π/6. 

The red and blue arrows indicate the moving directions of the WPs with the 
enhancement of the α. d–f, Band diagrams of the photonic crystal with 
R = −0.7 mm and α of 0, π/6, and π/2, respectively. The green rectangle in  
d represents a complete 3D trivial bandgap from 19.1 to 19.7 GHz. The blue dot 
in e denotes a WP. The red rectangle in f represents a complete 3D topological 
bandgap from 19.3 to 19.7 GHz.



Extended Data Fig. 5 | Experimental setups. a, Top view of the fabricated 
sample in Fig. 2a, where the first copper plate on the top is shifted for 
visualization. b, Copper pillars inserted into the coupling holes to function as 
metallic obstacles. c, Electromagnet used to produce magnetic fields.  

d, Triangular samples whose three wall surfaces are identical. e, Setup of two 
interfaced photonic crystals with perpendicular Chern vectors used in the 
demonstration in Fig. 4.
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Extended Data Fig. 6 | Frequency-dependent surface dispersion and 
robustness of chiral surface states. a, c, Measured surface dispersions on  
the frontal (010) surface of the fabricated sample in Fig. 2 for B = 0.20 T and 
0.45 T, respectively. Three values of kz = 0, 0.53π/h, and 1π/h are selected.  
b, d, Simulated band structure on the frontal (010) surface for B = 0.20 T and 
0.45 T, respectively. The white and green curves in a and c indicate the simulated 
envelopes of the projected bulk dispersions and surface dispersions, respectively. 
The blue curved surfaces in b and d represent the topological surface states, 
while the orange sheets indicate the envelopes of the projected bulk dispersions. 
e, Measured field distribution of chiral surface states in the fabricated sample 

in Fig. 2. The surface states are excited by a point source (cyan star) oscillating 
at 19.6 GHz. f, Measured field distribution in the same setup as in e, while 
copper pillars (yellow rods) are inserted into the sample as metallic obstacles. 
The frontal (010), left (100), and right (100) surfaces of the sample are covered 
with copper claddings, and all other surfaces with microwave absorbers. The 
samples are biased at 0.45 T along +z axis. The chiral surface states can 
propagate smoothly around the sharp corners and obstacles without scattering. 
The surface waves are mainly confined at their individual layers when passing 
around the copper pillars due to the weak dispersion along the z-axis.



Extended Data Fig. 7 | Band diagram simulations of models in Fig. 3. a–e, Band diagrams for the photonic crystal in Fig. 3e at different magnetic fields. f–j, Band 
diagrams for different photonic crystals in Fig. 3f–j under the same magnetic field B = 0.45 T.
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Extended Data Fig. 8 | Summary of (m, n)-torus knots/links with different 
combinations of m and n. The colors of red, blue, green and yellow represent 
the first, second, third and fourth loops that wrap around the torus surface 

without crossing. The links with non-coprime m and n are highlighted with grey 
background. The simplest link is the (2, 2)-torus link, or the Hopf link on the 
torus surface.



Extended Data Fig. 9 | Construction of perpendicular Chern vectors.  
a, e, Unit cells of the photonic crystals with Chern vectors zCC = 2ˆ1  and xCC = 2ˆ2 , 
respectively. The two unit cells are identical except for different orientations. 
The dimensions are r = 1.2 mm, h1 = 4 mm, h2 = 1 mm, r1 = 2.6 mm, and r2 = 1.2 mm. 
The biasing magnetic field B = 0.5 T is oriented along the direction of x zˆ + ˆ.  

b, f, Simulated band diagrams for a, e, respectively, which are identical. The 
bandgap is highlighted in pink. c, g, Measured surface intensity at 19.6 GHz  
for frontal and back (010) surfaces, respectively. The green lines indicate the 
simulated Fermi loop surface states. d, h, Simulated Fermi loop surface states 
wrap around the surface BZ in a torus geometry.
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Extended Data Fig. 10 | Formation of Hopf link surface states.  
a, b, Illustrations for surface Fermi loops induced by Chern vectors zCC = 2ˆ1  and 

xCC = 2ˆ2 , respectively. c, Surface Fermi loops rearranged in the presence of 
coupling between two photonic crystals with zCC = 2ˆ1  and xCC = 2ˆ2 . Blue and red 
solid lines depict the resulted two Fermi loops around the BZ. d, Blue and red 
lines individually form a loop in a torus geometry, and the two loops form a 
Hopf link.
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