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The paradigmatic example of atopological phase of matter, the two-dimensional
Cherninsulator', is characterized by a topological invariant consisting of asingle

integer, the scalar Chern number. Extending the Cherninsulator phase from two to
three dimensions requires generalization of the Chern number to a three-vector®”’,
similar to the three-dimensional (3D) quantum Hall effect® %, Such Chern vectors for
3D Cherninsulators have never been explored experimentally. Here we use
magnetically tunable 3D photonic crystals to achieve the experimental
demonstration of Chern vectors and their topological surface states. We demonstrate
Chernvector magnitudes of up to six, higher than all scalar Chern numbers previously
realized in topological materials. The isofrequency contours formed by the
topological surface states in the surface Brillouin zone form torus knots or links,
whose characteristicintegers are determined by the Chern vectors. We demonstrate a
sample with surface states forminga (2, 2) torus link or Hopf link in the surface
Brillouin zone, which s topologically distinct from the surface states of other 3D
topological phases. These results establish the Chern vector as anintrinsic bulk
topologicalinvariantin 3D topological materials, with surface states possessing
unique topological characteristics.

Sinceitsintroduction in1988, the two-dimensional (2D) Haldane model*
has served as a prototype for the Chern insulator phase, establish-
ing the concept of band topology as an intrinsic property of materi-
als. Unlike the quantum Hall effect, which is based on Landau-level
quantization induced by a strong external magnetic field, the Hal-
dane model describes how a Cherninsulator can arise viatime-reversal
symmetry breaking in a crystal. This has guided the theoretical and
experimental discoveries of many 2D topological materials, includ-
ing Chern insulators®> as well as the quantum spin Hall effect, a
time-reversal-symmetry-invariant 2D topological insulator that origi-
nated from consideration of two overlaid Haldane models™*. In par-
allel, the ideas behind the Haldane model have been translated from
condensed-matter systems to classical wave systems, givingrise to the
fields of topological photonics” " and topological acoustics***. These
classical wave realizations, called photonic or acoustic topological
insulators, exhibit topologically non-trivial band structures and topo-
logical edge states like their condensed-matter counterparts, butlack
certain features such as quantized Hall conductance™.
Theideaofintrinsic band topology has been extended to numerous
three-dimensional (3D) topological materialsinthe pastdecade®”516223°,
For example, 2D quantum spin Hallinsulators can be stacked toforma

weak 3D topological insulator™' that hosts topological surface states
onsomesurfaces,and afurther generalizationyields strong 3D topolog-
icalinsulators with topological surface states on all surfaces™'. Phase
transitions between topologically distinct 3D insulators are mediated
by topological semi-metal phases® such as Weyl semi-metals, which
host Fermi arc surface states??, However, Cherninsulators themselves
have markedly lagged behind in experimental realization. A2D Chern
insulator in a real crystalline material was implemented only in 2013,
using a thin film of a3D strong topological insulator?. There has been
no realization of a3D Cherninsulator to date.

Previous theories have established that a 3D Chern insulator is
characterized by a Chern vector consisting of a vector of three Chern
numbers®’, C=(C,, C,, C,), similar to the 3D quantum Hall effect®’ but
as an intrinsic material property not associated with Landau levels.
The multicomponent nature of the Chern vector leads to a generali-
zation of the topological bulk-boundary correspondence principle
from one-dimensional boundaries (edge states) to 2D boundaries
(surface states); as we show below, the resulting surface states can
form non-trivial torus knots or torus links on the 2D surface Brillouin
zone (BZ). Moreover, a 3D Chern insulator can exhibit phase transi-
tions to Weyl semi-metals”>° through a process whereby a non-trivial
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Fig.1|Photonic design ofa3D Cherninsulator. a, Unit cell of agyromagnetic
photonic crystal biased by external magnetic field B. The lattice constantin the
x-yplaneisa=10 mm, and periodicity alongzish=3mm.r=1.2mm,

h,=2.0mm, h,=1.0 mm.b, Phase diagram of the photonic crystal. Grey regions

Chern vector emerges from a pair of Weyl points (WPs) with opposite
charges, or vice versa. Such a topological phase transition has never
been observed experimentally.

Here, we present an experimental study of magnetically tunable
photonic crystals with non-trivial Chern vectors. The photonic crystal
incorporates gyromagnetic materials to break the time-reversal sym-
metry” 3, Using a combination of bulk and surface measurements,
we directly observe the topological phase transition from 3D trivial
insulatorsto 3D Cherninsulators, mediated by ideal Weyl phases that
canhostasingle Fermiarc (the simplest possible Fermi arc configura-
tion), which has never been seen experimentally?*2°. By modulation
of the system along a spatial axis z, we achieve a Chern vector with
z-component C, = 6, which is very high when compared to all scalar
Chern numbers previously realized in gapped®” or gapless® 2 topo-
logical materials. We further demonstrate topological surface states
betweensampleswith perpendicular Chernvectors, whichforma(2,2)
torus link (a Hopf link) in the surface BZ. Notably, this situation is
topologically distinct from the limiting case of an isolated stack of
decoupled 2D Chern insulators. To our knowledge, the classification
of Chern insulator surface states in terms of knot theory has never
previously been explored.

Unit Chernvector

We start from a photonic crystal unit cell consisting of agyromagnetic
rod and a metallic plate perforated with holes, as depicted in Fig. 1a
(see Methods and Extended Data Fig.1for parameters of the gyromag-
netic material). The holes, positioned at the two sets of inequivalent
corners of the hexagonal unit cell with radii of r,and r,, introduce inter-
layer coupling and break the in-plane inversion symmetry. Keeping
r,+r,=3.3 mmfixed, the difference between the hole radii, R=r,-r,,
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represent Weyl semi-metal phases hosting two WPs. ¢, Bulk BZ and (010)
surface BZ.Red and blue arrows indicate WP movement directions with
enhancement of B. d-f, Band diagrams of the photonic crystal withR=-0.7 mm
(r,=2.0mm, r,=1.3mm)andB=0T(d),0.20 T (e) or 0.45 T (f).

characterizes the degree of inversion symmetry breaking. A uniform
magnetic field (similar to the role of magnetic fields in ref. %) is applied
alongthe z axis to magnetize the gyromagneticrods, andfield strength
Bcharacterizes the degree of time-reversal symmetry breaking.

AsRand Bvary, the photonic crystal shows the phase diagram seen
inFig.1b, with trivialinsulators, 3D Cherninsulators and Weyl phases.
Atfixed R=-0.7 mm (thatis, ;=2 mm, r,=1.3 mm), tuning of Ballows
us to access all three distinct topological phases, as indicated by the
purple dashedlinein Fig.1b (see Methods and Extended Data Fig. 2 for
calculation of Chern vectors, and Extended Data Fig. 3 for a qualitative
tight-binding model). At zero magnetic field, the photonic crystal has
a3D trivial bandgap from18.6 t019.2 GHz, as shown in Fig. 1d.

Over a wide range of magnetic fields (roughly 0.03-0.355T), the
photonic crystal behaves like a gapless magnetic Weyl semi-metal.
For example, at B=0.2 T, the simulated band structure (Fig. 1e) has
two bands linearly intersecting at momenta (k,, &, k,) = (411/3q, O,
+0.531/h) along the KH line in the bulk BZ, forming a single pair of
WPs. The existence of a single pair of WPs, the minimum possible, can
occuronly inatime-reversal symmetry-broken system?. Because the
WPs carry opposite topological charges (Chern numbers), their projec-
tions on the surface BZ are connected by a Fermi arc of surface states
(Fig.1c). Asimilar single pair of WPs was previously observedina cold
atom experiment®, but that lattice was effectively boundary free so
no Fermiarccould be probed. Simulations show that as magnetic field
strength gradually increases, the system remains in the Weyl phase, the
two WPs move in opposite directions (indicated by arrows in Fig. 1c)
and the Fermi arc lengthens. At the critical magnetic field strength of
B=0.355T, the two WPs merge at the high-symmetry point H.

The annihilation of the WPs at H corresponds to a topological transi-
tion from the Weyl phase to a non-trivial insulating phase—a3D Chern
insulator. Figure 1f shows the calculated band diagramat B=0.45T,
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Fig.2|Observation of topological bandgap opening with WP pair
annihilation. a, Photograph of afabricated experimental sample. The sample
has33layersinthezdirectionand 22 (14) unitcellsinthex (y) direction.b, Close-up
view of the sample; the first copper plate on the top has been moved for clarity.
The gyromagnetic rods are embedded in the dielectric foamto fix their
positions. ¢, Experimental set-up for measurement of bulk transmission. The
sourceand probeareinserted from the centres of the bottomand top surfaces,
at2 cmdepth. d, Measured bulk transmissions under different biasing magnetic
fields. Solid white line indicates calculated WP frequency; the black and white

whichhosts a3Dtopologicalbandgap from19.3t019.7 GHz. The calcu-
lated Chernvector C=(0, 0,1)islabelled in the phase diagram of Fig. 1b.
Thedirection of the Chern vectoris fixed along the z axis (Methods and
Extended Data Fig. 4).

Theexperimental sampleisshowninFig.2a,b (Methods and Extended
DataFig.5).Itis magnetically biased along the z axis by an external elec-
tromagnet. To measure bulk transmission withinthe sample, weinsert
twodipole antennae (acting asaprobe and a source, respectively) into
thebulk using the experimental set-up shownin Fig. 2c. The point-like
source excites almost all wavevectors in bulk. By continuously tun-
ing Bfrom 0 to 0.475 T we obtain the bulk transmission plot shown
in Fig. 2d, which exhibits closing of a complete photonic bandgap at
around B=0.05T and its subsequent reopening of more than 0.36 T.
These correspond to the two predicted topological phase transitions
fromthe 3D trivial insulator phase to the gapless Weyl phase and, sub-
sequently,toa3D Cherninsulator. For comparison, the first-principles

dashed lines enclose the complete 3D trivial and 3D Chernbandgap,
respectively. Phase transition froma3D trivial insulator to agapless Weyl
crystaland agapped 3D Cherninsulatoroccurredat B=0.03Tand 0.355T,
respectively. e-h, Measured surface intensity on the frontal (010) plane for
biasing magnetic field strengths and frequencies of 0 Tat18.9 GHz (e),0.20 T
at19.0 GHz (f), 0.35Tat19.15GHz(g) and 0.45 T at19.6 GHz (h). Greenlines
indicate the simulated Fermiarc or Fermiloop surface states, and red and blue
dotsrepresent projected WPs carrying opposite topological charges.

numerical calculationshows a trivial insulator phase (witha complete
3D bandgap, bounded by two dashed black lines in Fig. 2d) of less than
0.03 T,agapless Weyl phase from 0.030 to 0.355 T (with Weyl frequen-
ciesindicated by the solid white linein Fig.2d) and a3D Cherninsulator
phase of more than 0.355 T (with acomplete 3D bandgap, bounded by
two dashed white lines in Fig. 2d). The experimental and numerical
results arein good agreement.

Next, we studied the topological surface states and their dependence
on the biasing magnetic field. We cover the frontal (010) surface (par-
allel to the x-z plane) of the photonic crystal with a copper cladding,
whichactsasatrivial photonic bandgap material, while wrapping the
other surfaces with microwave absorbers. A point source is placed
near the centre of the frontal (010) surface to excite surface states. The
field distributions on the surface are mapped out using a near-field
scanning probe (Methods) and, subsequently, Fourier transformed
to form surface dispersion contours.

Nature | Vol 609 | 29 September 2022 | 927



Article

a b
©,0,0)
B +2 ) o
2
W,
a £ of ©o0-2 ©,0,2
A L ©
st L gn s ’ .......... —
ol \ T ; - " =il) ©,0)
A "y e ©0,0,0)
y\L, -06 -03 0 103 406
X BM

‘ 3D trivial insulator Magnetic Weyl crystal

3D (0, 0, 2) Chern insulator

‘ 3D (0, 0, 1) Chern insulator ‘MagneticWeyIcrystaI ‘

0T

k, (/h)

035T

|

Max.
‘l i |EZ|
|
|
0
2/3 2
(n/a)

0 2/3 4/3 2 0 2/3 4/3 2 0 2/3 4/3 2 0 2/3 4/3 2 0 4/3
k, (n/a) k, (n/a) k, (n/a) k, (n/a) k, (n/a
f g h i i
o ' P [ LN
- y g 5N jﬁ%f Lokt iy f 1
I 4 - Tt bt f =1l
- ek - o Sy 4
V4 | 4_2' ry r -~ ! 74—47
Tt
Max.
o
Max.
3
S IE;|
XN
0
0 2/3 4/3 2 0 2/3 4/3 2 0 2/3 4/3 2 0 2/3 4/3 2 0 2/3 4/3 2
k, (n/a) k, (n/a) k, (n/a) k, (n/a) k, (n/a)

Fig.3|Photonic 3D Cherninsulators with large Chernvectors. a, Unit cell
ofthe photonic crystalunder modulation of hole radiiin two adjacentlayers.
r=1.2mm, h;=2mm, h,=1mm.Thelattice constantinthex-yplaneis

a=10 mm, and periodicity along zis A= 6 mm. Magnetic field Bis applied
alongthe +zaxis. b, Phase diagram of the photonic crystal. Grey regions
represent Weyl semi-metal phases hosting two WPs. ¢,d, Bulk BZ and (010)
surface BZforB=0.20 T (c)and B =0.42 T (d). e, Measured surface intensity
for biasing magnetic field strengths of O T (at 18.9 GHz), 0.20 T (at19.1 GHz),
0.35T(at19.3 GHz),0.42 T (at19.4 GHz) and 0.50 T (at19.8 GHz). Greenlines

For B=0there is a negligible surface intensity at 18.9 GHz within
the calculated bandgap (Fig. 2e), consistent with the photonic crystal
beinginthe3Dtrivialinsulator phase.For B= 0.2 T the photonic crystal
isinthe Weyl phase (Fig. 2d); Fig. 2f shows the surface intensity at Weyl
frequency of 19.0 GHz, which forms a single open arc connecting the
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indicate the simulated Fermiarc or Fermiloop surface states, and red and blue
dotsrepresent projected WPs carrying opposite topological charges. f-j, Top:
unitcell of the photonic crystalwith Chernvector (0,0, 2) (f), (0, 0, 3) (g), (0,0, 4)
(h),(0,0,5) (i)and (0, 0, 6) (j). Holeradiiarer,=2.0 mmand r,=1.3 mm. Bottom:
measured surface intensity for biasing magnetic field 0.45 T along the +z axis at
frequency19.6 GHz. Greenlines represent simulated Fermiloops. Middle:
measured surface intensity extracted from bottom panels at k,=m/h, where his
the periodicity along zfor each unitcell.

projections of the two WPs, consistent with the prediction in Fig. 1e.
As we further increase B, WPs move toward the boundary of the
surface BZ (as shownin Fig.2g for B=0.35T). At B=0.45T the crystal
has entered the 3D Chern insulator phase and the measured surface
intensity at 19.6 GHz (within the newly opened bandgap) forms acurve



a b
¢,z
]
] o
| .omCy=2%
aa’r —_
3 | i\(:/
zI N
NF
[

Fig.4 |Hopflink surface states formed by perpendicular Chern vectors.

a, lllustration of aninterface between two photonic 3D Cherninsulators with
perpendicular ChernvectorsC, = (0,0,2) =2zand C, = (2,0,0) =2X. Magnetic
field Bisapplied along X + 2. b, Measured surfaceintensity at19.6 GHzon the
interface. Greenlinesindicate simulated Fermiloop surface states. ¢, Simulated
Fermiloopswrap around thesurface BZ torustoforma (2, 2)-toruslink (Hopf
link). Blue and red lines distinguish the two components of the torus link.

known as a surface Fermiloop’, which winds around the surface BZ as
showninFig.2h. The existence and orientation of this single Fermiloop
are determined by the Chern vector C= (0, 0,1). Further experimental
dataare presented in Extended Data Fig. 6.

Large Chern vector magnitudes

Next, weincreased the Chern number component C, by application of
spatial modulation along the z axis. We modulate the radii of perfo-
rated holes, aslabelledbyr,, r,, r;, r,inFig.3a, intwo adjacent layers that
formaunitcell. Wekeepr,+r,=3.3 mmandr; +r,=3.0 mmfixed, and
define the difference betweenthe holeradiiasR=r, - r;=12/7(r, - r,).
All other parameters are unchanged except the doubled periodicity
alongz. As Rand B vary, the photonic crystal exhibits the phase dia-
gramshownin Fig.3b (see Methods and Extended Data Fig.3c,d fora
qualitatively similar tight-binding model). Compared with the phase
diagramin Fig. 1b, there is another bandgap closing and reopening
mediated by a Weyl phase, which produces a larger Chern vector
C=(0, 0, £2), implying the existence of two Fermi loops. At fixed
R=-1.2mm (thatis,r;,=2mm,r,=1.3mm,r;=2.1mmandr,=0.9 mm),
tuning of B allows us to access all five distinct topological phases,
asindicated by the purple dashed line in Fig. 3b (see Extended Data
Fig.2d-hfor Chern vector calculations and Extended Data Fig. 7a-e
for band diagram simulations). We experimentally observe these
phase transitions, as shown in Fig. 3e, by surface intensity measure-
ments similar to those shownin Fig. 2e-h. Although both Weyl phases
(Fig.3c,d) hostasingle Fermi arc, in the latter there is an extra Fermi
loop and the two WPs emerge from the boundary of the surface BZ,
annihilating each other at k,=0.

We adopted another modulation scheme to construct still-larger
Chernvectors. Wemaintainedthe holeradiiasr;=2 mmandr,=1.3 mm,
the same asinthe samplein Fig. 2, but arranged the stacked layers in
astaggered manner, as shown in the upper panels of Fig. 3f-j for unit
cells constructed from two, three, four, five and six layers. This gave
rise to Chern vector components C,=2,3,4,5and 6, respectively (see
Extended Data Fig. 7f-j for band diagram simulations). The values
of C,were experimentally verified by counting the number of Fermi
loops, as shown in the middle and lower panels of Fig. 3f-j. Our dem-
onstrated value of C,= 6 is higher than all previously realized scalar
Chern numbers in both gapped”® and gapless? 2 topological mate-
rials. Further increases in C, are possible by the addition of further
modulation layers.

Torus loops and links

Chernvector C= (0,0, m) induces mFermiloops that wind around the
median of the surface torus (the BZ formed by k, and k,) m times with-
out crossing and, similarly, Chern vector C=(n, 0, 0) induces n Fermi
loops winding along thelongitude of the surface torus. We now consider
anx-zinterface betweentwo 3D Cherninsulators with perpendicular
Chernvectors mzand nX, similar to theillustrationin Fig. 4a. The result-
ing surface states have winding numbers of mand naround the median
and longitude, respectively, of the surface BZ. In knot theory®, such
anobjectis called an (m, n) torus knot if m and n are co-prime, or an
(m, n) torus link (a link of torus knots) if m and n are not co-prime
(see Methods and Extended Data Fig. 8 for asummary of torus knot
theory).

We tested the above prediction by constructing an x-z interface
between two photonic crystals with Chern vectors of (0, 0, 2) and
(2,0,0)—thatis,2zand 2%, asillustrated in Fig. 4a. We used the photonic
crystal design in Fig. 3f for the 3D Chern insulator with Chern vector
27; the other 3D Cherninsulator with Chern vector 2Xis simply a dupli-
cate rotated 90° around the y axis (see Methods and Extended Data
Fig. 5e for fabricated samples). We increased the height of the gyro-
magnetic rods to match the periodicity along x and z, and fine-tuned
the radii of the coupling holes to maximize the bandgap size (see
Extended Data Fig. 9 for band diagram simulations and experimental
characterization of Chern vectors). A magnetic field of B= 0.5 T was
applied along the direction X + Zto magnetize both photonic crystals.
As shown in Fig. 4b, the measured surface intensity shows two Fermi
loops forminga (2, 2)-toruslink—aso-called Hopflink—formed by two
interlinked torus knots (Fig. 4c; see Extended Data Fig. 10 for a sche-
matic of how the Hopf link forms). Other torus knots and torus links
canbe constructed on the basis of these principles.

Outlook

These results provide conclusive experimental evidence for 3D pho-
tonicband structures topologically characterized by the Chern vector,
avectorial generalization of the scalar Chern number. The 3D Chern
insulator phase extends the 2D Chern insulator’s bulk-boundary cor-
respondence to the case of 2D boundaries, with topological surface
states possessing unique characteristics. Moving forward, we can use
this platform for further manipulations of the Chern vector, such as
using higher spatial symmetries to realize magnetically orientable
Chernvectors®. Itwould be interesting to extend the 3D Cherninsulator
concept from photonics” ™™ to cold atom*?** and condensed matter?>
systems, and to explore the physical implications of the linked and
knotted topological surface states.

Note: when our work was under review, we noted another work
reporting a Hopflink structure in the 3D BZ in a magnetic topological
semi-metal®. Our observed Hopflinkis atorus linkin the 2D surface BZ,
formed by topological surface states inatopological insulating phase.
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maries, source data, extended data, supplementary information,
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Methods

Numerical simulation
Thebulk and surface band diagrams were numerically calculated with a
finite-element method solver (COMSOL Multiphysics RF Module). The
copper plates were modelled as perfect electric conductors (PECs).
The surface dispersions on the front (010) surface were calculated in
asupercellwith40 cellsinthey direction, the two boundaries parallel
tothe frontal (010) surface were set as PECs and the other boundaries

were set as periodic boundary conditions.
Therelative permeability tensor of the gyromagnetic materials has
u ik O

- . _ (o +iaw)w
theformp —| _j, T ,wherey =1+ »

W0y,

’ = ’
((uo+io(w)z—w2 (tuo+io(w)z—w2

0 01

W =V My, 0o =Y, Ho, o Hy is the external magnetic field along the
zdirection,y=1.76 x 10" s T is the gyromagneticratio,a = 0.0088 is
the damping coefficient and wis the operating frequency. The disper-
sion of permeability tensor elements u,and k for 0.20 and 0.45 T bias-
ing magnetic fields is shown in Extended Data Fig. 1a,b, respectively.
Because the resonance frequency of the permeability is far from the
Weyl frequency or the bandgap, to facilitate simulation we ignored
weak dispersionin permeability within the frequency range of interest.
Take the simulation of Fig. 2d as an example: the dispersionless u,and
k are taken from the values of the dispersive . and k at the Weyl fre-
quencyinthe gapless phase, or at the mid-gap frequency in the gapped
phase. The values of i, and k at different magnetic field strengths are
shown in Extended Data Fig. 1c.

Calculation of Chern vector and WP charge in the photonic
crystal

The topological charge (Chern number) of a WP is calculated by inte-
grating the Berry curvatures over asurface enclosing the WP. The Berry
curvatureisdefined asQ, (K) = Vi x A, (k), where A, (K) = i<u,, y | Vi |t 1)
is the Berry connection and u,, , is the Bloch state for the nth band.
The topological charge of a WP is given by %J‘s Q,(k)ds, where Sis a
surface enclosing the WP.

A Chernnumber is well defined for a 2D slice of the first BZ not con-
taining the WP. Specifically, the Chern numbers for the X, y and Z
momentum planesare definedasC, , ,= %jﬂsm,z QX% d?k, where §*
arethek,, fixed 2D BZ.In Extended Data Fig. 2a-c we show the calcu-
lated C, for the band structure simulations in Fig. 1d-f, respectively.
For example, the calculated C, for the second band of the photonic
crystalunder 0.2 T magnetic field shows thatC, (|k,| < 0.531t/h) =1and
C,(lk,| >0.531/h) = 0. The change of C, corresponds to the positions
of WPs.

Fora3D Cherninsulator, the system is globally gapped so that C, ,,
arewelldefined over the entire BZ. For example, as shownin Extended
Data Fig. 2c, C,=1is applicable to all 2D slices of BZ for the photonic
crystal with 0.45 T magnetic fields. Because C, ,= 0, the complete
bandgap between the second and the third bands of the 3D photonic
Cherninsulator designed in Fig. 1 can be characterized by a triad of
Chernnumbers, or Chernvector C=(C,, C,,C,)=(0, 0, 1).

Extended Data Fig. 2d-h shows the calculated C, corresponding to
the phase transition demonstrated in Fig. 3e.

Qualitative tight-binding models

The gyromagnetic photonic crystals proposed in the main text can
be qualitatively described by tight-binding models that help to inter-
pret the topological phases and potential phase transitions in 3D
photonic crystals®**, To produce the similar phases shown in Fig. 1b,
a 3D Haldane model was constructed by AA-stacking 2D Haldane
modellayers and introducing the interlayer coupling (Extended Data
Fig.3a).For eachlayer, the A (purple) and B (orange) sublattice sites
possessed on-site energies of +tMand -M, respectively. Thereis areal

hopping term, ¢, between the nearest-neighbour sites (solid black
lines) and a complex hopping term, t,exp(i¢), between the next-
nearest-neighbour sites (solid purple and orange lines). The inter-
layer hopping terms for A and B sublattice sites are ¢, (pink dashed
line) and ¢, (blue dashed line), respectively. The Blocp Hamiltonian
of this 3D Haldane model is given by H(k) = 2; <D7 , where
A =26,% 1,5 008 (pk-b)+M+2t, jcos(k,h), @ =, , ;%% (a,,
a,, a,) are the displacements fromaBsite toits three adjacent A sites
andb, =a,-a,;, b,=a;—a, b;=a, - a,. By tuning the hopping terms,
this 3D model exhibits a phase diagram shown in Extended Data
Fig.3b; M and ¢ characterize the inversion and time-reversal sym-
metry-breaking strengths, respectively. The phases in the diagram
in Fig. 1b, including 3D Chern insulating, 3D trivial insulating and
gapless Weyl phases, also emerge in this 3D Haldane model. Note
that one phase presentin the 3D Haldane model, but notin our pho-
tonic crystal analogue, is a Weyl phase with four WPs, but this is not
important to the present study.

To demonstrate the phases shownin Fig. 3b we canalso developa3D
Haldane model with two layersinaunitcell, asshownin Extended Data
Fig. 3c. By assigning different interlayer couplings for the two layers,
we can obtain a more complicated phase diagram shown in Extended
DataFig.3d. Apartfromthe previous phases, there are two new phases
emerging: another gapless Weyl phase and another 3D Cherninsulat-
ing phase with C,=+2.

Direction of Chern vector inthe presence of tilted magnetic
fields

In our designed photonic crystals, the direction of Chern vectors is
determined by the stacking direction. For example, the Chernvectors
inFigs.1-3 arealwaysin the formof (0, 0, m)—thatis, in the zdirection.
Evenwhen the external magnetic fieldis tilted, the direction of Chern
vectors will not change. This is because, in each layer of the crystal,
the upper and lower metallic plates form a parallel-plate waveguide
of deep subwavelength thickness. Therefore, only the fundamental
mode is guided in the parallel-plate waveguide, where E field is in the
zdirection and H field is in the x-y plane. The Hfield in the x-y plane
mainly interacts with the magnetization of gyromagnetic rods along
thezaxis, whichinduces Chernvectorsinthe zdirection. Asan example,
we numerically simulate in Extended Data Fig. 4 the phase diagram
of the photonic crystal designed in Fig. 1, when the magnetic field
B=0.45Tisapplied at atilted angle. We define the angle between the
x axis and the magnetic field as a. By varying the parameters R and
a, the photonic crystal exhibits various phases (see phase diagram
in Extended Data Fig. 4b). With R =-0.7 mm, the photonic crystal
hosts a 3D trivial gap at a = 0 (Extended Data Fig. 4d), a pair of WPs at
a=T/6 (Extended DataFig.4e) and a3D Cherninsulating gap ata = 11/2
(Extended Data Fig. 4f). Tilting will reduce the effective magnetic field
inthezdirectionbut theinduced Chern vector, if non-trivial, is always
in the zdirection. Tilting of the magnetic field will shift WPs off the
high-symmetry KHline only slightly, as shown in Extended Data Fig. 4c.

Experimental set-ups

The gyromagnetic materialis yttriumirongarnet (YIG) ferrite, with rela-
tive permittivity 14.3 and dielectric loss tangent 0.0002. The measured
saturation magnetization is M, =1,780 Gauss and the gyromagnetic
resonance loss widthis 35 Oe. The copper plates were prepared by coat-
ing copper of thickness 0.035 mm onto Teflon woven-glass fabric lami-
nate. The dielectric foam (ROHACELL 31 HF) used to fix the positions of
YIG rods has relative permittivity 1.04 and loss tangent 0.0025. The air
holes penetrate through the copper plate layers and the dielectric foam
layers, asshownin Extended DataFig. 5a. In the measurements, uniform
external magnetic fields generated by an electromagnet were applied
alongthe zaxis producing astrong gyromagnetic response in the ferrite
rods, asshownin Extended Data Fig. 5c. The spatial non-uniformity of
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the magnetic fieldsis less than 2% in the sample region, measured and
calibrated using a gaussmeter (HFBTE, no. TD8620).

During measurements, two microwave dipole antennae were con-
nectedtoavector network analyser (Agilent Technologies, no. E8363C)
tofunctionasthe source and probe, respectively. Complex field distri-
butions were measured by insertion of the probe into the air holes one
by one and scanning along the z direction in small steps.

The chiral propagation of surface states is demonstrated in Extended
DataFig. 6e,f.In particular, we inserted several copper pillarsinto the
coupling holes to function as the metallic obstacles (Extended Data
Fig. 5b). InFig. 3, for large Chern vectors, to enhance the resolution
and distinguish multiple Fermi loops we adopted triangular samples
as shown in Extended Data Fig. 5d, where all three wall surfaces were
identical. Because surface states propagate around corners robustly,
the three surfaces can be treated as a single surface with more data
points in Fourier transform processing. The experimental sample in
Fig.4isshownin Extended DataFig. 5e. A dielectric foam (ROHACELL 31
HF) of thickness 3 mm was inserted between the two photonic crystals
to tune the coupling of the surface states.

Torus knot theory

Inknottheory, atorusknotisaknotthat canbeplaced onthe surface of
atorus without crossingitself. Atorus knotis classified by two co-prime
integers, mand n, which correspond to the number of times aknot wraps
around the longitude and meridian of a torus, as labelled by (m, n).
If m and n are not co-prime, (m, n) describes a torus link formed by a
number of torus knots equal to the greatest common divisor between
mand n*.InExtended Data Fig. 8 we plot the torus knots/links for dif-
ferent combinations of mand n. The simplest torus link, which consists
of two non-crossing components, is the (2, 2)-torus link, or Hopf link.

Construction of perpendicular Chern vectors

The two perpendicular Chern vectors, 2z and 2X, were constructed in
two photonic crystals, as shown in Extended Data Fig. 9a,e, where the
magnetic field was applied along the direction of X + Z. These two pho-
tonic crystals haveidentical properties except for different orientations
(see Extended DataFig.9b,ffor band diagrams). Wheninterfaced with

aPEC, each photoniccrystal shows two Fermiloops, as simulated and
measured in Extended Data Fig. 9¢,g. These Fermiloops wrap around
the BZ torus surface, as shown in Extended Data Fig. 9d,h.

When two photonic crystals interface with each other, asillustrated
inFig.4a, there are someinteractions among their Fermiloops. Owing
totheanti-crossing principle, the four Fermiloops will rearrange in the
BZ and merge into two Fermi loops that then wrap around the torus
surface as a Hopflink, as shown in Extended Data Fig. 10.
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Extended DataFig.2|Chern-number component C,of photoniccrystals.

a-c, Chern-number component C,calculated inthe 2D BZ plane atafixed k,

alongthe purple dashedlinein Fig.1b. The magnetic field B=0T,0.20 T, and
0.45T, correspondsto the band diagramsinFig.1d, e, and f, respectively.

d-h, Chern-number component C,calculatedinthe2D BZ plane atafixed k,
along the purple dashed linein Fig.3b. The magneticfield B=0T,0.20T,0.35T,
0.42T,and 0.50 T, corresponds to the simulated and measured surface
intensitiesin Fig. 3e.



Extended DataFig. 3 | Qualitative tight-binding models. a, Qualitative d, Phase diagram of the modelin c. Each gapped phase hasbeenlabelled by a
tight-binding model for the photonic crystal designed in Fig.1. b, Phase Chernvector. Thebrownand the grey regions represent the gapless Weyl
diagram of the modelina. It exhibits a trivial 3D insulating phase and a3D semimetal phases hosting four and two WPs in the first BZ, respectively. Here,

Cherninsulator phase, characterized by Chernvectors of (0,0, 0) and (0, 0, 1), t,=1.2,and theinterlayer couplings represented by pink, blue, brown, and
respectively. ¢, Qualitative tight-binding model with two layersin a unit cell. greendashedlinesare3,0.5,2,and 1.5, respectively.
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example. a, Magnetic field rotatable in the x-z plane. b, Phase diagram of the R=-0.7mmand aof 0,/6,and 1/2, respectively. The greenrectanglein
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d dielectric foam copper plate e absorber dielectric foam

Extended DataFig. 5| Experimental setups. a, Top view of the fabricated d, Triangular samples whose three wall surfaces areidentical. e, Setup of two
sampleinFig.2a, where the first copper plate on the top is shifted for interfaced photonic crystals with perpendicular Chernvectorsusedinthe
visualization. b, Copper pillarsinserted into the coupling holes to function as demonstrationinFig. 4.

metallic obstacles. ¢, Electromagnet used to produce magnetic fields.
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Extended DataFig. 6 | Frequency-dependentsurface dispersionand
robustness of chiral surfacestates. a, c, Measured surface dispersions on

the frontal (010) surface of the fabricated samplein Fig.2 for B=0.20 T and
0.45T,respectively. Three values of k,=0,0.531/h, and Ir/h are selected.

b, d, Simulated band structure on the frontal (010) surface for B=0.20 T and
0.45T, respectively. The whiteand green curvesinaand cindicate the simulated
envelopes of the projected bulk dispersions and surface dispersions, respectively.
Thebluecurvedsurfacesinband d represent the topological surface states,
while the orange sheetsindicate the envelopes of the projected bulk dispersions.
e, Measured field distribution of chiral surface statesin the fabricated sample
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inFig.2. The surface states are excited by a pointsource (cyan star) oscillating
at19.6 GHz.f,Measured field distribution in the same setup asin e, while
copper pillars (yellow rods) areinserted into the sample as metallic obstacles.
The frontal (010), left (100), and right (100) surfaces of the sample are covered
with copper claddings, and all other surfaces with microwave absorbers. The
samples arebiased at 0.45 T along +zaxis. The chiral surface states can
propagate smoothly around the sharp corners and obstacles without scattering.
Thesurface waves are mainly confined at their individual layers when passing
around the copper pillars due to the weak dispersion along the z-axis.
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Extended DataFig. 8| Summary of (m, n)-torus knots/links with different without crossing. The links with non-coprime mand nare highlighted with grey
combinationsof mandn. The colorsof red, blue, green and yellow represent background. The simplestlinkis the (2,2)-toruslink, or the Hopflink on the

thefirst, second, third and fourthloops that wrap around the torus surface torussurface.
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Extended DataFig.9|Construction of perpendicular Chernvectors. b, f, Simulated band diagrams for a, e, respectively, which are identical. The
a, e, Unitcells of the photonic crystals with ChernvectorsC; =22and C, = 2%, bandgapis highlighted in pink. ¢, g, Measured surface intensity at19.6 GHz
respectively. The two unit cells areidentical except for different orientations. for frontal and back (010) surfaces, respectively. The greenlinesindicate the

Thedimensionsarer=1.2mm, ;=4 mm, h,=1mm,r,=2.6 mm,andr,=1.2mm.  simulated Fermiloop surfacestates.d, h, Simulated Fermiloop surface states
The biasing magnetic field B=0.5 Tis oriented along the direction of X + 2. wraparound the surface BZinatorus geometry.
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Extended DataFig.10|Formation of Hopflink surface states.

a, b, lllustrations for surface Fermiloopsinduced by Chern vectors C; =22 and
C, =2%,respectively. ¢, Surface Fermiloopsrearranged in the presence of
coupling between two photonic crystalswithC; =22 and C, = 2%. Blueand red
solidlines depict the resulted two Fermiloops around the BZ.d, Blueand red
linesindividually formaloop inatorus geometry, and the twoloops forma
Hopflink.
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